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PREFACE 


The subject of integrable models - both classical and 
quantum - is fascinating. Decades of research in this area 
has led to mathematical developments which are quite beauti- 
ful and which unify various aspects of physical problems 
that appear to be disparate. These special developments, 
however, have not yet been widely appreciated. The primary 
reason for this appears to be the technical nature of the 
subject. The purpose of this book, therefore, is to present 
the basic ideas in a systematic manner so that people in 
different areas may share the excitement and find the 
methods useful in their respective areas of research. 


This book grew out of a graduate course which I taught 
in the Fall of ‘88 in the Department of Physics and 
Astronomy at the University of Rochester. In fact, except 
for the last few chapters, the material in this book is 
exactly what was presented in the class. Consequently, 
derivations of various equations appear in explicit detail 
and the reader is free to concentrate only on the logical 
development of the ideas. Furthermore, most of the 
techniques are developed with specific examples in order to 
make ideas more transparent. The first eight chapters of 
the book develop various ideas of classical integrability 
with the example of the Korteweg-de Vries equation. The 
geometrical approach as well as the group theoretical 
approach to integrable models are explained with the Toda 
lattice as an example. Finally, the methods of zero 
curvature and quantum inverse scattering are discussed 
within the context of the nonlinear Schrodinger equation. 
The level of discussion has been carefully chosen so as to 
make the material accessible to graduate students. 


All the models I have considered are defined on the real 


line. Lack of space did not permit me to discuss the 
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periodic systems although I have tried to comment, wherever 
possible, on the generalization of various formulae to such 
cases. I have also not been able to discuss either the 
method of Hirota or the supersymmetric systems. Every 
chapter is supplemented with a list of references which I 
found useful in the preparation of the lecture notes. They 
are by no means meant to be a complete set. 


There are several people whose help has been invaluable 
in the preparation of this manuscript. First of all, I 
would like to thank all the students in the class for 
providing a stimulating atmosphere and I would like to 
thank, in particular, Messrs. T. Blum, S. Borzillary and S. 
Ramaswamy for various forms of assistance during the 
preparation of the notes. I gratefully acknowledge the 
encouragement and support of Prof. P. Slattery. I have 
benefited enormously from discussions with Profs. J. 
Maharana, V. S. Mathur and C. Taylor and appreciate their 
comments and suggestions. I am truly indebted to Prof. Ss. 
Okubo who has painstakingly read through the manuscript and 
has generously clarified many ideas. It is also a pleasure 
to thank Prof. A. C. Melissinos for sharing with me his 
enthusiasm which has helped me through the long hours during 
the preparation of the manuscript. An Outstanding Junior 
Investigator Award from the U.S. Department of Energy during 
the period when this book was written is also gratefully 
acknowledged. 


The credit for the get up of the book goes completely to 
Judy Mack who has gracefully typed the manuscript and has 
accommodated all the changes in a very short time. And 
finally, I would like to express my heartfelt gratitude to 
Ammani whose unending desire for perfection has been a 
constant source of inspiration to me. 


Ashok Das 
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CHAPTER 1 


THE KORTEWEG-DE VRIES EQUATION 


In the course of these lectures, we will discuss various 
nonlinear models which are integrable. These describe 
systems of nonlinear differential equations which can be 
solved exactly. Most of these models would be continuum 
models in one space and one time dimension although we will 
also study the Toda lattice which consists of only a finite 
number of degrees of freedom. All of these models are quite 
interesting both from the mathematics as well as the physics 
points of view. Mathematically, we encounter new concepts 
such as the infinite dimensional Lie algebras and their 
representation. From the physics point of view, these 
models describe physical phenomena in such diverse areas as 
nonlinear optics, hydrodynamics, condensed matter, plasma 
physics, high energy physics and so on. It is, therefore, 
not surprising that physicists and mathematicians alike have 
found this area of research fascinating for over two decades 
now. It is, however, surprising that a lot still remains to 
be understood in this area and active research in this field 
is presently being pursued by several distinct groups all 


over the world. 


The study of integrable models has been approached from 
various points of view. In order to fix ideas clearly, we 
will describe these different approaches with the same 
example of the integrable system, namely, the Korteweg-de 
Vries equation. In the later chapteis, we will study 
several other models which are also soluble. In this 
chapter, we will review the various necessary concepts and 
introduce the Korteweg-de Vries (KdV) equation. All the 
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models we will study are Hamiltonian in nature and their 
solubility is intimately associated with the existence of 
soliton solutions. So, we begin by reviewing what a 
Hamiltonian system is, what the conditions of integrability 
are and how soliton solutions may be appropriate for an 
integrable system. 


Hamiltonian Systems: 


A Hamiltonian system is a system whose evolution can be 
described by a set of Hamilton’s equations. 


Frequently, in a mechanical system, we are given a set 
of canonical coordinates and momenta q;, PD; with i = 
1,....N, and a Hamiltonian H such that the evolution 
equations take the form 


ee {q; 7H} 
é (1.1) 
Py a {P; 7H} 


Here the curly brackets represent Poisson brackets and for 
simplicity we have chosen to work with a_ system with a 
finite number of degrees of freedom. It is clear, 
therefore, that a Hamiltonian system consists of dynamical 
variables (G5 °Pi)e a Hamiltonian and the fundamental Poisson 
bracket relations which in this example happen to be 
canonical, namely, 


{43/45} ne {P5+P5} 


: (1.2) 
{aj °P5} = 535 
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so that 


(1.3) 


The dynamical variables (4; -P;) span the phase space. 
Namely, they are the coordinates of the phase space which is 


2N dimensional. Consequently, a split of the coordinates 
into canonical coordinates and momenta is noncovariant and 
antifddiciad.. One could rectify this by combining the 


coordinates and momenta into a set of 2N generalized 
coordinates. 


y" = (qd; -P;) i = 1,2....N (1.4) 
ode... cen 


such that 


(1.5) 


The fundamental Poisson brackets (canonical ones) then take 


the form 
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{y*,y”} = «HY iiuae) 


where 
eh _ fue 5) (te7) 


is the constant antisymmetric 2NX2N matrix written in terms 
of NXN blocks. This implies that 


{A(y) -B(y)} = OAty",y"}8,B 
= OA ea B = ef¥0 A a2 (1.8) 
where we have defined 
— (6 
On = ay (1.9) 


Hamilton’s equations can now be written covariantly as 
(compare with Eq. (1.3)) 


y" = ty4 Hn) = ea ; (1.10) 


The advantage of the covariant method is that there are 
many physical systems that are better described in terms of 
noncanonical coordinates. The most familiar example of 
noncanonical coordinates is in systems described in terms of 


constrained variables. In this case, the covariant formalism 
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gives a similar description of Hamilton’s equations as in 
Eqs. (1.6) and (1.10) , namely, 


yY = ty#,np = £4¥(y)8 # (ay 


with 
iy’ ,y”} = £¥(y) (1.12) 


That is, in such a case, the fundamental Poisson brackets 
become coordinate dependent. (This is familiar from the 
studies of constrained systems where the canonical Poisson 
brackets are eventually replaced by Dirac brackets which are 
in general coordinate dependent.) Similarly, in this case 
the analogous formula for Eq. (1.8) becomes 


= Vy 
(ACY) By) } = BACy)£P"(y)8, B(Y) (1.13) 


Let us note here that £¥Y% (y) must satisfy various 
properties i-~ order to describe the Poisson bracket of 
Eq. (1.12). For example, 


so” eltie=-—y oy") 
and, therefore (1.14) 


fhYiy) = -£'F(y) 


Furthermore, for yl to form a basis (linear independence) of 
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the phase space, fHV iy) must be nonsingular as a matrix. 


Let us denote the inverse by Eyv'Y) such that 


(1.15) 


Finally, the definition of a Poisson bracket must satisfy 
the Jacobi identity. Namely, in terms of the fundamental 
variables 


ty4,ty4,y>3} + ty, ty4ay4}) + ty’ ty yr} = 0 (1-16) 


This condition translates to a simple condition on the 
Eyyl¥)'S, namely, 


OFA (Y) + OF yy (Y) + OF uly) = 0 : (1.17) 


In other words, the inverse of the Poisson bracket structure 
must satisfy the Bianchi identity. 


A manifold with a preferred second rank antisymmetric 
tensor which satisfies the above conditions is called a 
symplectic manifold. Clearly the geometry of the dynamics 
of a Hamiltonian system is automatically symplectic. The 
main differences of a symplectic geometry from a Riemannian 
geometry are that we do not have a symmetric metric for the 
symplectic geometry and secondly, in a symplectic manifold 
the symmetry group of the tangent space is the symplectic 
group whereas the orthogonal group is the symmetry group of 
the tanget space for a Riemannian manifold. The tensors 
fhY iy) and t (Y) can, however, be thought of as the 
contravariant and covariant components of the metric tensor 
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in a symplectic manifold. They are known as the symplectic 
metric and can be used to raise or lower indices ina 
symplectic manifold analogous to the Riemannian metric in a 
Riemannian manifold. 


For completeness let us also record here that if instead 
of a system with a finite number of degrees of freedom, we 
are dealing with a continuum system, all the formulae go 
through if we replace partial derivatives by functional 
derivatives. For example, Eqs. (1.12) and (1.11) take the 
respective forms 


{ucx) ,W(y)} = £(x,y) | (1.18) 
u(x) = {u(x),H} = f dy f(x,y) go (1.19) 


Furthermore, the Poisson bracket of two functionals A[{u] and 
B({u] is obtained to be (compare with Eq. (1.13)) 


{Au} /Blu]} = f dx dy sR f(x,y) ge (1.20) 


Integrability of a Hamiltonian System: 


Given a Hamiltonian system, we can ask when it is that 
it would be integrable. Or, more precisely, what is the 
criterion of integrability? The study of this question 
dates back to Liouville who concluded the following. 


A Hamiltonian system whose phase space is 2N dimensional 
is integrable by the method of quadratures if and only if 
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there exist exactly N, functionally independent conserved 
quantities which are in involution. (That is, the Poisson 
brackets of these conserved quantities with one another 
vanish.) 


Let us not go into the proof of Liouville’s theorem 
which exists in many texts on classical mechanics. Rather, 


let us understand its implications. 


Let us assume that the system is describable by the 


canonical coordinates and momenta (Q;7P3), Tl = 1,2, .. oe 
Let K;, i= 1,2,....N, represent the N_ functionally 
independent conserved quantities. Clearly, the Hamiltonian 
must be a linear combination of these. Furthermore, we 


assume that 


{Ky ,Kj} = 0 by Re ay Bee (122) 
This implies that we can consider a canonical transformation 
Ky Ki(d5/P5) a | (1.22) 


where we can think of the K,’s as the new momenta. These 
are also known as the action variables of the theory. 
Secondly, we also realize that we can, in principle, obtain 
the canonically conjugate variables 


Owen? (dP 5) (1.23) 


such that 
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{9;,65} = 0 = {Pi Ps} (1.24) 


{65 -P5} = {0;,K;} = 8;; died): = alhig 2 cml 258 


The coordinates 0; are also known as the angle variables. 
Since 


H = H(P;) 
Hamilton’s equations (Eq. (1.3)) take the form 


Py = {Py /H(P5)} = 0 (1.26) 


0; = {6;,H(P5)} Be EAE . (1.27) 


Eq. (1.26) is simply a statement of the fact that P,’s are 
conserved. Since P,‘s are conserved, for given values of 
these quantities, the equation for the angle variables, Eq. 
(1.27), takes the form 


6; = £5 = constant (1.28) 


This can be readily integrated to give 


@, =f,t+a; (1.29) 


where a.'s are integration constants which can be fixed from 
pt 
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the initial conditions. Thus we see that the motion or the 
evolution can be completely fixed, in principle, in terms of 
the action-angle variables (P;,0;)- We say “in principle” 
because it may be impossible in practice to determine the 
canonical transformation 


05 = 85 (95 7P5) (1.30) 


and subsequently to invert the solution to obtain the 
evolution as 


qi a3 (£5,05,¢) 


Pe Pi (f5,a5,%) (1.31) 


Liouville’s theorem only asserts the existence of 
solutions. The actual construction then involves various 
ingenious procedures. 


Although we discussed Liouville’s theorem in the case of 
a finite number of degrees of freedom, the same goes through 
for a system with an infinite number of degrees of freedom 
with a little modification. But it is clear that a system 
with an infinite number of degrees of freedom, i.e., a 
continuum system must have an infinite number of conserved 
quantities. Consequently any solution of such a system must 
be infinitely restricted. A soliton is precisely such a 
solution. Namely, it is a localized wave which retains its 
shape (nondispersive) even after collisions. Intuitively, 
it is clear that for this to happen, there must be an 
infinite number of conservation laws. Consequently, 
solitons are implied by the existence of an infinite number 
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of conserved quantities and vice versa. Therefore, 
integrable models and solitons are often used 
interchangeably. 


KdV_ Equation: 


The KdV equation or the Korteweg-de Vries equation was 
formulated to explain the solitary water waves observed by 
J. Scott Russell in the Edinburgh Glasgow canal. It is a 
nonlinear equation in one space and one time dimension which 
as we will see shortly possesses soliton solutions. But at 
the time of its formulation, nothing was known about the 
integrability of the equation. The equation has the form 


(1.32) 


where u = u(x,t) is the dynamical variable and "a" and “b" 
are arbitrary constants. In the case of the water waves, 
for example, u(x,t) can be thought of as the height of the 
wave above the water surface. Furthermore, let us note that 
although the KdV equation involves two arbitrary constants, 
they can be eliminated by rescaling the variables. For 


example, a scaling 
x + b/3x (1.33) 


takes the equation to the form 


-1/3 ou 3 ule 0 (1.34) 
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Next, if we let 


15 G2 HAs 


the equation becomes 


Bu Sai th eG s" + oy (1.35) 
Finally, if we let 

u + avtpt/3y (1.36) 
we obtain 

oul, Uy, du (1237) 

ot ox ax2 


In fact it is this form of the equation which we will refer 
to as the KdV equation. But let us note that any other form 
of the equation in the literature can be obtained through a 
simple transformation of the variables. 


This also brings us to the question of symmetries of the 
KdV equation. Symmetries are very often helpful in finding 
solutions as well as classifying them. Let us note that the 
KdV equation does possess several symmetries. Namely, 


tee tC, (1.38) 
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where cy is a constant, leaves the equation invariant. 


ii) x+*xtc, (1.39) 


where co is a constant is also a symmetry of the Kdv 
equation. 


LdiD)e xe ax , chet eft 7 us cn 4 (1.40) 
leads to 
du, du _ Ben 
ot 8x ax? 
se ood Bu _ C-5, Bu 5 Bu 
ot Ox ax? 
= o75 (Bu eee o*u) 1.41 
eo #§ ox 3x2 Os 


Therefore, the transformation in Eq. (1.40) is a symmetry of 
the KdV equation. In fact, this is the scaling symmetry 
which is quite useful in classifying the various conserved 
quantities of the system. 


ny on + VE, ce t , ue ult Vv (1.42) 


where v is a constant, is also a symmetry. To see this, 
note that under this transformation 
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3 
Su du Su _ ou 
mage NG al Oe gs 
een. . eeu . °u (1.43) 
6t Ox ax3 


This can be thought of as the Galilean invariance of the 
equation. Note, however, that the KdV equation cannot be 
Lorentz covariant since time and space are treated separate- 
ly. (linear in & whereas higher order in o.) 


KdV _ as a Hamiltonian System: 


Let us examine the KdV equation in Eq. (1.37), namely, 


OO 2 OU Oru 
at ~ % ox t 


The fundamental variables, AY ( Miugate in this case are 
continuous functions of x and t. The u(x,t)’s can be 
thought of as the generalized coordinates of the phase space 
(equivalent to the y's of the finite dimensional case). 
The evolution equation is already first order in time - a 
feature inherent in the Hamilton’s equations, for example, 
ipseqeey (ledkl) sandy (1.19). To show that it is indeed a 
hamiltonian system, we have to find a fundamental Poisson 
bracket relation and a Hamiltonian which would give the KdV 
equation as the Hamilton’s equation. That is, we would like 
to write 
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3} 
royel du B87 u 
ot ox 8x2 
as (1.44) 
Gu 


oe {u(x,t),H} 


To be able to guess a Poisson bracket structure and a 
Hamiltonian for this system, let us rewrite equation (1.37) 
as 


2 
8 1 3 8" u 
Be dx (2%) + (52) 


2 
3 ie? 3° u 
= s- (= u~ + — > (1.45) 
Ox (5 Ax? 


Note here, that if we choose as a Hamiltonian 


w 
H[u) = f dx(3_ wu? - 5 ($2)?) (1.46) 
—0O 
then 
2 
On See Oo“ u(x) 1.47 
a ee etd 


[For those unfamiliar with functional derivatives, let us 
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note that it is defined as 


Griaux) Jocess 2 - y , 
Su(y) = - (F[u(x)+e5(x-y)] - Flu(x)]) (1548) 


Eq. (1.47) follows from this definition and the form of H in 
Eq. (1.46).]| 
6H 


With this choice of H, we note that Bax) 
with the quantity inside the bracket on the right hand side 


coincides 


of Eq. (1.45). That is, we can write the KdV equation as 


Ou 
ot 


OH 
6u (x) 


3 
Bx (1.49) 


On the other hand, for this equation to be Hamiltonian we 
must have 


Se = {(x),H} (1.50) 


Comparing with Eq. (1.49) we see that this requires 


(u(x), H} = BS Boe 


This determines the fundamental Poisson bracket to be 


(u(x) a(y)} = 8 8(x-y) (1.52) 
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Being the derivative of a delta function, “Te “is 
automatically antisymmetric. Before proving the Jacobi 
identity let us note parenthetically that this is the 
Poisson bracket structure associated with the Abelian 
current algebra an 1+1 dimension and hence must 
automatically satisfy the Jacobi identity. But let us work 
it out explicitly. 


If we are given two functionals F(u] and G[u], then the 
choice of Eq. (1.52) as the fundamental Poisson bracket, 
would lead to a definition of the Poisson brackets as (see 
Ba. (1.20)) 


{F(u],G[u]} 


oO 


f dxdy ee 
oO 


du(x) Ox rn) du(y) 


a OF 6G 


00 
we) en) 5G a 
ies Ox du(x) Ou(x) 


00 
Oe = - f dx 
-0 


0. _dG Be OF OG 


by obs —- Ox Su(x) ~ Ox u(x) IES 


(1.53) 


where we are assuming that u(x,t) vanishes abmaip eee 
‘ ; j F 
fast enough so that the functional derivatives Su (x) and 


ae also fall off rapidly at spatial infinity and integra- 


tion by parts can be done without the need for any surface 
surface terms. Note now, from Eq. (1.53), that 


{H[u],{F[u],G{u}}} 


Ce) 1.54 
a Le Ox 5u(x) Su (x) {F[u],G[u]}} ( ) 
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The functional derivative satisfies Leibniz’s chain rule. 
Consequently, using the form of the Poisson bracket, Eq. 
(1.53), above and integrating by parts, Eq. (1.54) takes the 


form 


{H(u],{F(u},Gf{u]}} 


00 
: 6. _OH_ (oF _- § a 
a f axdy ax Bux) (Sia Oy ou(y) 


8 SF 5°G 


- ay u(y) Sucxjoucyy) 64°55) 


Given the expression, Eq. (1.55), it is straightforward to 
show that the Jacobi identity is satisfied. Namely, 


{H(u],{F[u],G[u}}} + {G{u],{H[u],F[u}}} + {Flu],{G{u],H[u)}} 


. 2 
; i ae ee 
=) dxdy [55 Sax) du(x)du(y) Sy du(y) 
0 _ oH 5°G oF & 


— eS ee ———- — .COC—_"= 


+2. 66 a oe 
Ox du(x) du(x)du(y) Sy Su(y) 


6 _5G OF & _6H 


= SS CC 
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Thus this Poisson bracket structure satisfies Jacobi 
identity. In hindsight we could have shown it in a much 
simpler way. Namely, let us _ recall our discussion of Eqs. 


(G2) 7). As we have seen in Eq. (1.18), in the 
continuum case 


£HY(y) + £(x,y,u(x)) = & 6(x-y) (1.57) 


Therefore, 
£ AY) * £)(x,Y/U(x)) = €(X-Y) (1.58) 
where e€(x-y) is the alternating step function defined to be 
e(x-y) = (0(x-¥) - 5) (1.59) 


The condition for Jacobi identity to hold, namely, 


tt ay 


now becomes 


6 


£ Gea) + Bary) 


5 “a3 fe) -1 


5 iii “ ies Seo 1.60 
snap et ea ey ce 
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This is automatically true since the individual terms are 


independent of u and hence vanish identically. 


Thus we see that the KdV equation is a Hamiltonian 
system with 


w 
H[u] = f dx (37 u3(x) - £ (82y?) 
-O 


(u(x) ,w(y)} = 2 6(x-y) (1.61) 
so that 

ou _ ie, Oe 1.62 

Bt «(U(x) HH} gi ee (1.62) 


In fact, let us note a peculiarity of the KdV equation. 
Namely, it is also a Hamiltonian system with a second choice 
of the Poisson bracket structure and a second Hamiltonian. 
For example, if we had chosen 


a> 18 8 
{u(x),U(y)}5 = 6 3 + 3 (gy U(x) + u(x) B5)) S(x-y) (1.63) 
x 


and 


H,[u] = pax 1 y¢x a 
24] Berm ac! (1.64) 


then 
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21 
8 
laa eee 
00 oH, 
- a. Bary) BX) Uy) bo 
co 3 
- Bee , 2 Oe om 
f ay nails + 5 (qe U(x) + u(x) B5))6(x-y) 
3 
8 1 8 
= (Fy + 5 (Be NOH + UH) BR) UCD 
3 
epee 2.400u , 1. ou 
es 3. abe 3 bx 
3 
ou 3 fe) 
or, a ox * 3 (1.65) 


Namely, this also yields the KdV. equation. This Poisson 
bracket structure is also antisymmetric. Let us not go into 
the proof of the Jacobi identity but simply note here that 
this Poisson bracket structure is identical to the Virasoro 
algebra with a specific central charge. Hence the Jacobi 
identity must be satisfied. 


Finally, let us conclude this chapter by showing that 
the Kdv equation can be obtained as the Euler-Lagrange 
variation of a Lagrangian and point out some of the 
peculiarities. Consider the Lagrangian 


Liewrama J axdy u(xye(x-y) Ba). 


Kdv 


ts 9) 
~ f ax(Sz w(x) - 3 (82?) (1.66) 
=O) 
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The Euler-Lagrange equations following from this are 


i¢ ] 
Buy) 8 

f dye(x-y) 5 u(x) + S$ 

—00 6x 

00 2 

ie Ou 
or, J GY Sx 8 e(x-y) ony) S_ (% w?(x) + ay 
3 

ou(x yw One o7u 

or, “gp oes (1.67) 


This is, of course, the KdV equation. But the peculiarity 
of the Lagrangian is that it is nonlocal because of the 
presence of the term e€(x-y). In fact, one cannot write down 
a local Lagrangian in the variables u(x) whose Euler- 
Lagrange equations would give the KdV equation. 
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CHAPTER 2 
PROPERTIES OF THE KDV SOLUTIONS 


In the last chapter, we introduced the KdV equation as a 
Hamiltonian system. Before analyzing the integrability of 
this system, we would discuss various properties of the 
solutions of the KdV equation in this chapter. We would 
show that the KdV equation admits unique solutions with 
given initial conditions and that a class of solutions 
corresponds to solitons. We would also discuss scattering 
from a soliton potential to emphasize that it is 
reflectionless. 


Uniqueness of Solutions: 


Let us continue with the discussion of the KdV equation. 


3 

bu _ du O7u 

at "ext. 3 (2.1) 
ox 


Let us recall that u(x,t) is a function of time and one 
space coordinate. Given this equation, the first question 
we can ask is whether it admits a unique solution with given 
initial conditions. This can be easily determined as 
follows. Let us assume that u(x,t) and v(x,t) represent two 
solutions to the KdV equation satisfying the same initial 
conditions. That is, 
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a ar gu + = aos 
and 
pa yt. Sy Pam 253) 
8x , 
with 
u(x,0) = v(x,0) = £(x) (2.4) 


If this is true, then subtracting Eq. (2.3) from Eq. 
(2.2), we obtain 


3 
ce) = yee ov , SO (u-v) 
ae (05!) = Uae oN at aS 


ax? 
or, Han Hy y Oy Ow es 
1 Se 8x 6x 3x2 
Here we have defined 
w = u(x,t) - v(x,t) (2.6) 


Furthermore, let us remind ourselves that we are all along 
assuming the functions u and v_ to be vanishing at spatial 
infinity. Now, multiplying the above equation with w and 
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integrating over x, we obtain 
1 ‘ae Ov _ i cu 
f dxgw = fs dx w (4% > 8x) (2.7) 


Here we have used the fact that u and v and, therefore, w 
fall off to zero at spatial infinity. Let us next define 


00 


E(t) = f dx 3 w?(x,t) (2.8) 
—0 
and 
= Sv _ i du 
m= 2max a Sox (2.9) 


We can, then, write Eq. (2.7) as the inequality 


EES MEE) 
or, E(t) < E(0)e™ (2.10) 


Clearly, since E(t) by definition is positive semidefinite, 
it follows from Eq. (2.10) that E(t) must vanish if £E(0) 
vanishes. That is, 


E(0) = 0 
would simply (20134) 


E(t) = 0 


Now since 


we know 


same initial data, 


u(x,0) 


it follows that 


w(x,0) 


This implies that 


Consequently, from 


E(t) = 0 


On the other hand, 


E(t) = 


i 
2 


Eq. (2.14) implies 


Ox; 


w(x,t) 


u(x,t) 
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from Eq. (2.4) that u and v satisfy the 
namely, 


v(x,0) = £(x) 


u(x,0) - v(x,0) = 0 Gon ly) 
a 2 

f[ dx w'(x,0) = 0 (2.13) 
—-0 


Eq. (2.11) it follows that 


(2.14) 
since 

‘ie 2 

f dx w' (x,t) 

at) 

that 

0 

v(x,t) - (2515) 
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This proves that if there are two solutions of the Kdv 
equation satisfying the same initial data, they must be the 
same. Therefore, the KdV equation admits unique solutions 
with given initial conditions. 


Travelling Waves: 


Next, let us examine the travelling wave solutions of 
the KdV equation. Namely, let us assume that 


u(x,t) = u(xtet) = £(x+ct) with ec > 0 (2.16) 


where c is the speed of the travelling wave which satisfies 
the KdV equation. Then putting this back into the Kdv 
equation, Eq. (2.1), we obtain 


3 
Sus. -youe OW 
at 4° ox * au 
’ Ox Ox 3x3 (2.17) 


Since Eq. (2.17) involves only the x-derivatives, we can set 
t=0. Then the equation becomes 


guild ,1 ad du 
Cax ~ ax 2") + & sez) (2513) 


This implies that 


TRAVELLING WAVES 9 

A a uv" ~ cu = constant 
me nstant. (2.19) 
From the boundary condition that u(x,t) must vanish at 


spatial infinity, it follows that the constant on the right 
hand side of Eq. (2.19) must vanish. Thus 


du eZ 
—- +=u - cu = 0 2.20 
dx 2 
Multiplying Eq. (2.20) with a , we obtain 
2 
du d du 2 du 


3 2 
Ad duy2,iduv_cdui. 
Or, 3 ax ‘ax’ * 6 ax ~2adax ~ : 
du 2 mH 3 Gc 2 
or, 3 Race? + ra uu = 2 uu“ = 0 (2.21) 


Note that we have again set the constant to zero to conform 
to the boundary conditions. If we now choose the condition 


du _ 
= 0 for x=0 (2.22) 


the solution can be obtained in the closed form to be 


u(x) = 3c sech” ve x (2-23) 
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Furthermore, restoring the time variable, we obtain 


Uist) = sc sech* ve (xtct) (2.24) 


This shows that the KdV equation possesses travelling wave 
solutions. 


Solitons: 


We now readily see that the travelling wave of Eq. 
(2.24) possesses the following interesting properties. 


i) u(x,t) + 0 as x * + © and furthermore it is fairly 
localized. 


ii) The wave travels only to the left. (In fact, if we 
change c + -c, the wave which would be moving to the 
right becomes oscillatory.) 


iii) The amplitude of the wave is directly proportional to 
its velocity. That is, the taller the wave the faster 
it moves. This actually is observed in the case of 
solitary water waves. 


iv) Finally, the most important of all is that the wave 


has no dispersion. That is, it maintains its shape as 
it moves. To see this, note that since 


Hie,ey) = £(x+ct) 
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each Fourier mode would have the form 


Uy (x,t) = et K(X#CE)2(y) 


and, therefore, we can readily identify the energy associa- 
ted with each wave component to be 


= % = ck (2.25) 


where k is the wave number associated with the Fourier mode. 
Consequently, 


a - o> constant = a (2.26) 


Thus we see that each component of the wave moves with the 
same constant phase velocity which is also equal to the 
group velocity. Consequently, the motion is nondispersive. 


This is, of course, the definition of a _ soliton 
solution. Namely, it is a wave without any dispersion and 
consequently, one which maintains its shape as it moves. 
This analysis, therefore, shows that the KdV equation admits 
soliton solutions. (This should come as no surprise since 
this equation was formulated to describe solitary water 
waves.) To emphasize the significance of the nondispersive 
nature of this solution, let us in fact compare this with 
the free particle solution of the Schrodinger equation. 


Namely, we know that the free Schrodinger equation 
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2 a2 
in O¥Grrt) _ KO Oo p(x,t) (2.27) 
ot 2m gy? 


has the closed form solution given by 


2 2 iit 
-x /2(a + —} 
p(x,t) = (a? i THE) 172 e = (2.28) 
m 


Here N is the normalization constant and “a"“ is a constant 
which depends on the initial condition. We can calculate 
from Eq. (2.28) the mean width associated with the free 
particle and it has the form 


2,2 
(Ax)? = 2 (a? + BE. (2.29) 


Clearly, the mean width increases with time and consequently 
the wave packet becomes spread out with time. That is, even 
the free particle solution of the linear Schrodinger 
equation is dispersive in nature and the reason behind this 


can be traced to the following fact. We know that in this 
case 
vw) 
a = Kk 
ie = (2.30) 
Consequently, 
E 


Vph es, oo * Paeee velocity (2.31) 
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Vg - Gk ~ dk mi ~ Group velocity (20:32) 
That is, each Fourier component of the wave packet moves 
with a different phase velocity proportional to its wave 
number and that the phase velocity is different from the 
group velocity. This leads to dispersion as shorter waves 
move faster than the longer waves and gives rise to the 
change in the shape of the wave packet. 
Let us drop the nonlinear term in the KdV equation and 


analyze the dispersion relation for 


= 3 : (2.33) 


Clearly this linear equation would lead toa dispersion 
relation of the form 


(2.34) 


so that for any solution of this linear equation we would 


obtain 


(2.35) 


ee ee ee (2.36) 
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That is, if we neglect the nonlinear term in the Kdv 
equation, the solutions are also dispersive as in the case 
of the free Schrodinger equation. This implies, therefore, 
that it is the nonlinear term in the KdV equation which is 
responsible for the nondispersive nature or the soliton 


nature of the solutions. 


Quantum Mechanics of the Soliton Solutions: 


Since soliton solutions are universal in integrable 
models, let us digress a little and study the quantum 
mechanics of such potentials. 


Let us first discuss some general features of one 
dimensional Hamiltonians. Let the Hamiltonian 


a ae 
H = - 5 D° + 5 U(x) (2.37) 


have the eigenfunctions ¢(x) satisfying 


HG(X) = P(x) 


or, (- 5D? +3 u(x)) $(x) = P(x) (2.38) 


Here we have set the mass to be unity and have denoted 2. 


by D. Note that if ¢(x) is non-trivial then we can define 
an operator 


A(x) = — $(x)D¢7?(x) 


lt 
v2 
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= + g(x) (- ¢°2(D¢(x)) + 6 2 (xD) 
v2 
or, A(x) = — (D - # (x) (DP(x))) (2.39) 
Similarly, we can also define the operator 
+ 1 ,-l 
A (Xx) = - — ¢$  (X)D¢(xX) 
= t 


1 ,-1 
g-* (x) ((DP(x)) + O(x)D) 


al -1 
V2 -_ ) 


If we assume that ¢(x) is real, we see that at (x) is indeed 
the formal adjoint of A(x). Now 


A’ (x)A(x) 


sh = a = 
— (Dp D — (p - ¢°°(x) (D¢(x)) 
= (D + $7" (x) (D¢(x))) = (D - ¢ $(x))) 


a = (p+ g-* (x) (DP(x))D - pp 7 (x) (Dp(x) ) 


~ g 2 (x) (D(x) ) 6 > (*) (DEX) )) 


= 2B (pte go P(x) (Dg(x))D + 9 P(DPOE)I?= GPC) (D°GUH)) 


~ G72 (x) (DG(x))D ~ $72 (x) (DP(X))”) 
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= - 2 (p?- g7*(x) (D79(x)) 


or, A*(x)A(x) = (- $ D*+ $7 (x) (5 D*9(x))) (2.41) 


But ¢(x) is an eigenstate of the Hamiltonian and, 
therefore, if we use Eq. (2.38), we obtain 


a‘ (x)A(x) p?+ g +(x) (5 U(x)¢(x)- (x) )) 


Nie 


(- 
= (- 50 +h um - >) 


or, A‘ (x)A(x) 


(H - XI) (2.42) 


This shows that the one dimensional operator H-XI can always 
be factorized into the above form with 


(D - W(xX)) 
and 


+ al 
A (Xx) = - — (D + W(x 2.43 
(X)) ( ) 


where W(x) = ¢- +(x) (D6(x) ) and $(x) is the eigenstate of the 
Hamiltonian with eigenvalue . Note that this 
identification induces a Riccati type transformation between 
U(x) and W(x), namely, 
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U(x) = 2\ = w2(x) + (DW(x)) (2.44) 


Thus we see that given any eigenfunction ¢(x) of H, the 
operator H - XI factorizes. Conversely, given any constant 
X and a given potential, if we can find a generalized 
Riccati type relation of the kind in Eq. (2.44), then the 
operator H - AI can be factorized. Let us now study the 
properties of the operators A(x) and AT (x). Note from Eq. 
(2.39) that 


A(x) = — $(x)D¢7+(x) 
V2 


Consequently, 


A(x)o(x) = — $(x)D(¢-1(x)¢(x)) = 0 (2.45) 


as 
v2 


so that $(x) is annihilated by A(x). In terms of W(x), this 
equation reads as 


— (D ~ W(x)) (x) = 0 
V2 
or, ag0n = W(x) (XxX) 


x 
W(x~*)dax” 
or, (x) * a (2.46) 


Hence if we know the form of W(x), whether a function ¢$(x) 
exists which would lead to factorization depends on whether 
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the solution above is normalizeable or not. We note also 
from Eq. (2.40) that 


at 


at(x)¢ 1 (x) = - = gh (x)p(g(x)p t(x)) = 0 (2.47) 


Clearly, therefore, ¢(x) and gh (x) are eigenstates of zero 
eigenvalue for the operators A(x) and AT (x) respectively. 


Let us note next that we can form a second Hermitian 
bilinear from A(x) and A(x). Namely, 


A(x)A™ (x) 


= (D - ¢ +(x) (Dg(x))) (- a0 + $1 (x) (D¢(x))) 


ae 2 om ¢ * (x) (DG(x))D + DP} (x) (DG(x) ) 


~ ¢ * (x) (Dd(x) )g-* (x) (D4(x) )) 
= — 5 (D7 $7? (x) (Dp(x))D — G72 (x) (D(x) )? 


+ E(x) (D7G(x)) + G(x) (DG(R))D - G72 (x) (DG(x) )?) 


I 
| 
No[H 


(D+ p> (x) (D7g(x)) - 2972 (x) (Dg(x) )?) (2.48) 


If we now use the identity 


D*@ng(x) = D($*(x) (D¢(x))) 


= -¢°7(x)(Dp(x))? + g(x) (D29(x)) (2.49) 
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then we can write Eq. (2.48) as 
A(x)A™ (x) 


(D?+ g-1(x)(D7p(x)) + 2(D22ng(x) ) 


{ 
! 
tole 


- 297+ (x) (D7¢(x))) 


|e 


(D*- g(x) (D7g(x)) + 2(D22ng(x) )) 


(- 5 0? + pcx (d d2G(x)) - (D2eng(x))) 


(- 5 D7+ g 7 (x) (F Ux) AYP(K) - (D2Rng(x) y) 


= (- $0* +2 Wx) -d- (D72ng(x) )) 
or, A(x)A(x) = - 5D? +3 f(x) - =f - ar (2.50) 


where 


U(x) = U(x) - 2(D7en¢(x) ) 
That is, if 


At (x)A(x) =H, = H - XT = - 5 D? + U(x) ~~ (2.51) 


then 
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A(x)A*(x) = H_ = ff - Ar = - = D? + 5 Bix) - d (2.52) 


We remark here parentetically that H, and H_ can be thought 
of as supersymmetric partners of each other. 


The significance of going through this formalism is to 


recognize that the Hamiltonians H, and H_ are almost 


isospectral. That is, they have almost the same 
eigenvalues. The easiest way to see this is to note that if 


H.W = AT(x)A(x)p = ep (2.53) 
then 


A(X)A’(x)A(x)p = €A(x) 


or, H_(A(x)p) = €(A(x)) (2.54) 


That is, if ~(x) is an eigenstate of H, with a nontrivial 
eigenvalue €, then A(x)¥(x) is an eigenstate of H_ with the 
same eigenvalue. That is, the eigenstates of H, and H_ are 
paired except for the state which satisfies 


A(x)P(x) = 0 (2.55) 


This is why we say that the two Hamiltonians are almost 
isospectral. Note that in terms of the W(x)’s we can write 
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H, = AY (x)A(x) 

= (- $v? + 3 w(x) + 2 (pw(x))) 
H_ = A(x)A‘(x) 

= (- $v? +3 w(x) - 5 (DW(x))) 


Let us next apply this analysis to the potential 


“ UL (*) = - eintie sech*x 


to determine the spectrum of the Hamiltonian 


H = - = Dp = ae. sech*x 


Here we are assuming n to be a positive integer. 
note that if we choose 


-n tanhx 


W(x) 
then 
w2(x) + DW, (x) 


n@tanh-x - nsech“x 


i} 


n2(1-sech?x) - nsech“x 


4] 


(2.56) 


(2.57) 


(2.58) 


Let us 


(2.59) 
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= n? - n(n+1)sechx 


so that, from Eqs. (2.56) and (2.58), we obtain 


- 1p? 41 y? i 
HHy7™- 5D + 5 W(x) + 5D 


2 
S 2 p? - rei sech“x Rr ss 


2 
= a 
= Hotes (2.60) 
Similarly, we have 
LZ eee 1 
Hy, =- 37D +5 W(x) - 5 (DW, (x)) 
ee Be + me tanh*x +2g ie 
2 2 2 ech xX 
ee 2 n 2 
= ay Daaet 2 (1-sech”™x) + 5 sech”x 
2 
=.ip? .205) 2a = 
2 2 2 
2 
= pa 
“ies BS (2.61) 


Now since Hy} and H,_ are almost isospectral, it follows 
from Egs. (2.60) and (2.61) that HL and Ho-4 are also almost 
isospectral. The only eigenvalue that is not shared by Ha 
and Hi-1 is given by 
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2 
n 
(H, : a) $, (x) = 0 
n 
or, EL = - 2 (2.62) 


Similarly, we can show that Hi, and Hi-2 have all their 
eigenvalues paired except the one for which 


2 
(n-1) 
(ay vs y) ) Pres <0 
n-1 2 (22'63') 


One could follow this down to lower values of n until n=0 
which corresponds to the free Hamiltonian. Thus we see that 
the discrete energy eigenvalues of Hy are given by 


a > ol with k = EAR on Gb bn (2.64) 


Consequently, we see that the potential 


5 U(x) = - niet: sech?x 


has exactly n bound states. It is worth comparing this with 
the form of the solution (Eq. 2.23) we had found earlier for 
the KdV equation. As we will show in Chapter 4, Eq. (2.23) 
with c=4 supports only one bound state and describes a 


single soliton of the KdV equation. 
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Let us also note that the eigenstates of Ho and Hi-1 are 
+ . 
related through the operator A, (x) and A(X) which has the 
form 


1 e oe 
A, (=) * 7 (D > Wy) om ealldleeiettnia? 


Sle 


(2.65) 


ee me (D + W(x) = - + ¢ S + wx) 


a 
v2 


Furthermore, since all the H,’5 are isospectral with Ho 
whose eigenfunctions are plane waves, all the bound states 
of H, can be tii from them by successive application of 
appropriate A(x) ‘s. Let us note that H, is the free 
Hamiltonian and hence does not give rise to any reflection. 


Furthermore, the operators 


Ar (x) ming ( — + W(x)) 


[+ 


do not mix up the plane waves ett kx, Consequently, the 


Hamiltonians H for any positive integer n do not lead to 
any reflection. Consequently, these potentials are termed 
reflectionless. We should have, of course, anticipated this 
from the fact that these potentials correspond to solitons 
and solitons just pass through each other. As we will see 
later, this property is invaluable in finding explicit 
solutions. 
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CHAPTER 3 
INTEGRABILITY OF THE KDV EQUATION 


So far we have seen that the KdV equation admits unique 
solutions with any given initial condition and that solitons 
are a class of solutions that satisfy the KdV equation. On 
the other hand, we have also argued that soliton solutions 
imply the existence of an infinite number of conserved 
quantities. In this chapter we will show that the Kdv 
equation does possess an infinite number of conserved 
quantities which are in involution and, therefore, the Kdv 
equation is integrable. 


Conserved Quantities: 


Let us begin with a brief and general discussion about 
conserved quantities. We recall that if Q[{u] is conserved, 
then 


SQlUl = ofu),H} = 0 


ats (218) 
Furthermore, let us explicitly represent 
to 
Q[u] = f dx plu(x,t)) (372) 


Then 
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oo 
dQ([vj Sp[u(x,t) ] 
a oe At = 0 (3.3) 


would imply the existence of a continuity equation of the 
form 


Op[u(x,t)] OF [adacet) ] - 
fohe i Ox 0 (3.4) 


Thus, whereas the integrated charges are independent of time 
(constants of motion), the densities themselves would 
satisfy continuity equations. 


Given this we immediately recognize that the evolution 
equation, Eq. (1.37), namely, the KdV equation itself, is 
already in the form of a continuity equation. That is, 
since 


2 
Ou _ 8 Lee oCu 
a- = a (5 u* + (3.5) 
ot ox (5 ax" 
comparing with Eq. (3.4), we can immediately identify 
Polu(x-t)] = u(x,t) 
(3.6) 
2 
1.2 emu 
Jqo sete OY 
0 (5 sat 


Thus we recognize that 
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oo oo 
Sar ly = ih dxp (u(x,t) J =f dx u(x,t) 
—0 —0 


is a constant of motion. For later use, however, let us 
redefine 


potu(x,t)] = 3u(x,t) 


(a7 
00 00 
i= I ax Polu(x,t)] = 3 Jo Gx uition, tt) 
Next, let us note that since 
3 
oul, Su, du 
oe i” 
therefore, 
» 2 = yg? uy, Ou 
ot Ox be ax? 
Bi 2 ees ee ae 87u du, 2 
aes penta") tipg (gO) Hegel) 
ee ae ee 87u 
Or, fe =e ee - 3 (3X) + us (3.8) 


Consequently, we have a second continuity equation if we 
identify 
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es aie 
aaa US (2)? ae (3033 


A second constant of motion, therefore, is given by 


is) 
H, = J dx  (u(x,t))? (3.10) 
—O 


Furthermore, we note from Eq. (1.61) that the Hamiltonian 
for the KdV equation has the form 


o 
7 2 _ lugeus2 
tea” [dx (G7 B - 3 )) (3-11) 
This must also be a constant of motion since 
dH 
KdV eS 
at «t%Rgy/ Bayt = © 
Hence we can identify 
00 
- E 1 43 _2 BY)? 3.12 
ee) f a=(si a Meo 


Let us note that with the fundamental Poisson bracket given 


by 
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{u(x,t) ,w(y,t)} = 2 8(x-y) (3.13) 


we can identify H with the generator of time translations 


and, therefore, the energy since 


(u(x,t), H} = $2 (3.14) 


Similarly, H, can be thought of as the momentum with the 


Poisson bracket of Eq. (1.61) since it generates space 
translations. Namely, 


a me 
fy tue 5 Weyer} 


{u(x,t),H,} 


it») 
a fac u(y,t){u(x,t),u(y,t) } 


iu 8 
= J OY wea aies? 


Ou(x,t) 


Or, {u(x,t),H,} = Bx (3.15) 


These are the only conserved quantities that we can 
think of from naive symmetry considerations. Historically, 
therefore, when a fourth conserved quantity was discovered 
and was found not to be related to any naive symmetry, it 
caused a lot of interest. Moreover, there were some 
conjectures that the number of conserved quantities can only 
be a maximum of seven. Therefore, when Miura had found 
eleven conserved quantities all bets were off and in fact 
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Kruskal predicted that there must be an infinite number of 
them. 


Let me emphasize that all these conserved quantities, 
namely eleven of them, were constructed by brute force. 
Various systematic approaches to the problem have developed 


since and we will discuss the method which is simple and 
elegant. 


The Miura Transformation: 


To construct, systematically, the conserved quantities 
of the KdV equation, let us introduce a second equation 
related to the KdV equation known as the modified Kdv 
equation. This is given by 


ae eV + (3.16) 


It is called the modified KdV equation (MKdV equation) 
because it can be obtained from the KdV equation by the 
Riccati transformation 


u(x,t) = v7 (x,t) + ivé6 e2 (3.175 
This can be readily checked. Since 


Oo _ ., OU .«Oiev 
St 7 * ox * 
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this implies 
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wer F 3 
(2v + ive = g = (2v + iv® 8 _)(v? = + <3 >) (2m) 
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This shows that any solution of the MKdV equation 
automatically gives a solution of the KdV equation through 
the Riccati relation of B@: .(3.agie The MKdV equation is 
also known to be integrable and hence the conserved 
quantities of the MKdV equation also give rise to the 
conserved quantities of the KdV equation. 
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In spite of the fact that the MKdV equation is derived 
from the KdV equation, the symmetries of the two systems are 
not the same. In fact whereas the KdV equation is Galilean 
invariant (see Eq. (1.42)), the MKdV equation is not. One 
can readily check that under 


teats 
Bo Se te “S te 
2e€ 
(3i319)) 
i) ee 
2€ 
veiivis® 
v6 


the KdV equation is invariant but the MKdV equation is not. 
In fact, under this transformation 


clgoy , _3gey, ( y+ V6j2e W,E 3°v 
VE ot 262 Ox VE 2€ VE Ox VE ax? 
2 3 
Ov , 3. bv _ (€& y? a3.) Svea 
wae 2 err (ae YS me) on od 
dv a2 av , dv (3.20) 
2 We GY + *) ex * oo . 
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Thus we see that the MKdV equation is not Galilean 
invariant. But we also recognize that this transformed 
equation interpolates between the KdV and the MKdV equations 
in the sense that when e=0, Eq. (3.20) reduces to 


which is the KdV equation with v(x,t) as the dynamical vari- 
able. On the other hand, if e+, then under a_ rescaling 


vei v, the equation becomes 


which is the MKdV equation of Eq. (3.16). We could have seen 
this also from the fact that the Riccati relation of Eq. 
(Syq2h%h)) 


See ; ov 
u =v + iv6o ag 


goes over, under the Galilean transformation of Eq. (3.19), 
to 


2 
u + =- = (2 vtvt =.) + ive = = 
2€ 2€ VEC 
r, u= <* voy + iene 
Or, 6 1€ 3x (3.21) 
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For €=0, this implies the KdV equation since 


u=v 
For € + ©, on the other hand, with v > © v_ we obtain the 
MKdaV equation since 
ae : Ov 
u=v" + ivé oe (3.22) 


Incidentally, one should not be worried about the 
occurrence of imaginary factors. This, simply, is a 
consequence of our particular choice of the coefficients in 
the KdV and the MKdV equations. 


Infinite Number of Conserved Quantities: 


We are now in a position to prove that the KdV equation 
possesses an infinite number of conserved quantities. Let 
us note that if v(x,t) is a solution of the generalized 


equation 


Ge (ee y? a aye Oe 


ot ax? 
-8 (€ yritvr+ So . 


then it also gives a solution of the KdV equation through 


the relation 
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2 


u(x,t) = = v2 


Ov 
+v+ ie 8x (3.24) 


Furthermore, we also recognize that the generalized 
equation, Eq. (3.23), is already in the form of a continuity 
equation so that 


00 00 
a d ie 
de” ae J, dx v(x,t) = a dx OVGRt) - 0 (3.25) 
Therefore, we can identify 
00 
K = f dx p[v(x,t)] 
—00 
where (3.26) 


P[v(x,t)] = v(x,t) 


Note that u(x,t) is related to v(x,t) through the 
generalized nonlinear relation given in Eq. (3.24). We can 


invert this, formally, to expand v(x,t) in terms of u(x,t) 
as 


n 


00 
v(x,t) = L ev, (u(x,t) ] (3.27) 
n= 


From Eqs. (3.23) and (3.26), we see that this would give the 
v,(u(x,t)]'s as the conserved densities for the KdV equation 
since each power of € must independently satisfy a 
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continuity equation. 


Let us, however, note that a conserved density must not 


be a total derivative - otherwise, it would lead toa 
trivial conserved quantity. Thus we must make sure that 
this expansion of v in terms of u’s is not trivial - i.e., 
it is not a total derivative. This can be seen as follows. 


Since we see from Eq. (3.24) that 
u=v + ie = + >v (3.28) 


we can ask whether the inversion of this relation would lead 
to pure polynomial terms in u’s because such terms cannot be 
written as total derivatives. Note that even if v is a pure 
polynomial in u’s, = would involve gu terms and hence to 
investigate such a question we can safely ignore the second 
term on the right hand side of Eq. (3.28). Thus, our 


question is whether 
uevely oa (3.29) 


allows for v to be expressible completely in terms of 
polynomials in u’s. Note that if 


then 
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or, WO Soy = (u + —&)1/? 
2€ VE he? 
e 6 \1/2 v6 
or, po ey / 2e 


2 v6 
or, v= we [(u + mae = $2] 


or, v= [(2 + 4 ecu = 1] | 


Te 


(3.30) 


Thus we see that v indeed possesses pure polynomial terms in 


u‘’s and furthermore, these are of even power in e. 


Next let us show that the odd powers 


€ in the 


expansion of v are total derivatives and hence are trivial. 
Let us note from Eq. (3.28) that v is in general complex 


although u is real. Thus let us decompose 


v=ytiz 


where both y and z are real. Now, since 


2 
u=vt ie = — v2 


in terms of the new variables, it has the form 


2 


: 4 (6) F - 
un=y+iz+ ie > (ytiz) + — (y?-27+2iyz) 


(3.31) 
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or, u=(y-e a. te (y?=27)) 
ee 
Geet = — Nz) (3.32) 


But since u is real, we must have 


2 


fe) 
zt+es +S yz = 0 
or + 9 = Sy 
Mu z( 3 y) ~ © 8x 
or, w= -ebey /(a + < ) = Se Byer (io < a/,3 
: Ox 3. ~ € 6x ( 3 y) a 


This shows that the imaginary part of v is a pure derivative 
and involves terms which have explicitly odd power ine. 


Although this argument shows that the imaginary part of 
v is of odd powers in € and is a total derivative, it is not 
clear that there are no odd power eé terms in the real part 
of v. That this is indeed the case can be understood from 
the scaling properties of various quantities. 


We know the scaling behavior of x and u from Eq. (1.40). 
Consequently, we can determine the scaling behavior of ¢€ and 
v from Eq. (3.28). This gives the scaling dimensions 


[uJ = 1 
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Thus it is clear that any term that has an odd power of e's 
must necessarily have an odd number of derivatives also 
since v has scaling dimension of an integer. But a 
derivative term necessarily carries a factor of i as is seen 
from Eq. (3.28) and hence such a term must be imaginary. By 
the same argument, the real terms must all be of even powers 
of €. And our analysis above shows that it is the real 
part, which is even in powers of e€, which gives rise to 
nontrivial conserved quantities. 


We are now ready to construct the conserved quantities. 
Substituting the expansion of v[u] from Eq. (3.27) into the 
definition of u in Eq. (3.28), we obtain 


2 
u=vtie gy + < v2 

00 0 ov cv) n+2 n 

= \ ely. + i ofbe 5 oT id iy =. | sees. 
n=0 n=0 n=0 m=9 2-™ mM 
co 8v n-2 

yn n ner aa 

ee eke i Iva _ Ox £ 6 abs Yee (3-35) 


Furthermore, since u is independent of e€, comparing €° 
terms, we obtain 
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5 (3.36) 


Equating the coefficients of the e-dependent terms in Eq. 
(3.35), we obtain 


n-2 


; 1 
7 a a Vaile O n> 0 ~~ (3897) 


This gives a recursion relation between the various conser- 
ved densities which in turn allows their construction. For 
example, 


Or, ivye= -i oe (3.38) 
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re) 2 ou 
or, Vz, = 13% fe es ax?) (3.40) 
Ov 
a 2 . 
iain cs a A a ae 
Ov 
: 1 2 
one V, = legge - ge(2ugugeys) 
= a2 (z ae en 8*u) = al [2(- a4 u? = () >) u- (28?) 
pws wee 6 6 Pw dx 
ax 3 ax? 18 3 Ox Ox 
1 GER 1 Joeur2 
— 3 (x) + & (Sx) 
2762 (bu? + a7u 1 a’) +23 2 (Quy? 
eee SS axz 8 18 6 ‘dx 
r,v,=+ (< a - i ) + or (3 a a ou 3.41 
Cea = 346 -— 2 (8) awe 7, (3.41) 


It is clear that we can construct the conserved densities 
recursively. There are several things worth noting here. 
First of all, as we had noted earlier, the odd powers of e€ 
do give rise to imaginary terms which are total derivatives. 
The real terms which are coefficients of the even powers of 
€ do contain pure monomials of wu and hence are not total 
derivatives. More importantly let us recall that the 
conserved densities can be arbitrary up to multiplicative 
constants and addition of total derivatives. If we keep 
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these things in mind, it becomes clear that 
Po = 3V6 = 3u 


Pp, = -3V, = 5 u” + total derivatives (3.42) 


1 1 ,du,2 - C 
Po = 3v, = Gr Ss (3x) + total derivatives 


Comparing with Eqs. (3.7), (3.9) and (3.12), we see that the 
conserved quantities we had obtained earlier are simply the 
first three nontrivial densities in the power series 


expansion in é€ given in Eq. (3.27). The nth conserved 
density is given as 


P, san)" vi, (3.43) 


so that 


= n 
Hy = i ax Pr = 3(-1) - ax Von (3.44) 


Let us note that the scaling behavior of each of the 
vas can be calculated as follows. Since 


therefore, from Eq. (3.37) we see that 
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fen cee ac (3.45) 


Given iv) = [u] = 27 it then follows that 


(3.46) 


LN t=) 
+ 
| cond 


[v,] = 


Since the nontrivial conserved densities are identified as 


Py » Von 


therefore, 


[P,) = [¥5,) eee (3.47) 


This shows that there is a denumerably infinite number of 
conserved quantities each scaling with a distinct integer 
power law. The uniqueness of one conserved quantity for 
each integer valued scaling law takes a little while to 
prove but it has been shown that there exists exactly one 
such conserved quantity given a scaling behavior. Once 
again uniqueness only holds up to a multiplicative constant 
and addition of total derivative terms. 


Secondly, since each conserved quantity has a distinct 
scaling behavior, it is clear that they are independent. 
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Integrability of the Kdv system: 


So far we have shown two of the three requirements 
needed to exhibit integrability of the KdV system. Namely, 
we have shown that there exists an infinite number of 
conserved quantities and that they are independent. What 
remains to be shown is that these quantities are in 
involution. 


To show that, let us note from Eqs. (3.7), (3.10) and 
(3.12) that the conserved quantities 


L's) 
0 3 fade u(x,t) 


a 
Hl 


1 face 2 u? (x,t) a (3.48) 
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satisfy the functional relation 


5H oH 


SI 
(D> +i (Du+uD) ) raat =D Poy 


n= 0,1,2 (3.48 
This can be checked as follows. The relation above clearly 
holds for n=0 if we assume Hy = 0. For n=1, Eq. (3.49) 
becomes 


SH 5H 
0 poe 
(p? + 4 (Du+uD)) Baay 7 o Baez) 
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so that 


This suggests that all the conserved quantities may obey 
a similar functional recursion relation. Namely, that one 
can choose the Hamiltonians such that 


6H 6H 
(DE + } (Dya(x)+u(m)D,)) BPSy = Oy gary FB (3-50) 


That this can be done can be proved inductively as follows. 
Suppose that the recursion relation of Eq. (3.50) holds for 
n= 1,2,....m where mis a fixed number. Thus the identity 
when n=m is 


on, o) 


Soh a (D yu (X) tu(x)D x) Sy = Dd, Su(x) (Gz 5a8) 


wile 


But since Hn is a conserved quantity 


_—m@.9 (3.52) 


This time evolution can be calculated as 


dH, 
de {Aye Mahi 
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where 
{u(x),u(y)}, = D,6(x-y) (3.53) 


We can also calculate this using the second Poisson bracket 
relation of Eq. (1.63), namely, 


ae ~ Hye Hy he 
where 
{U(x) WY) }5 = (DE + ¥ (Du(x)+u(x)D,))E(x-y) (3.54) 


Using the form in Eq. (3.54), we obtain 


dH, 
de {Bye Hy te 


00 SH. oH 
Mou7.3 i 
f dxay Bice (D, + 3 (D,u(x)+u(x)DL)) 5(x-y) Sry) 


3 1 oH, 
= f ax( (Dy + = (D,u(x)+u(x)D,)) Bacxy V(*) (3.55) 


Since ie is conserved, this must vanish, and consequently, 


the integrand in Eq. (3.55) must be a total derivative. 
This is possible only if 
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OK 


3,1 - On, 
es (PPC) sien “ Pezacey (3-39) 


Counting the scaling behavior we see that K,, Should scale 
one power higher than Ha Furthermore, we can also show 
that Kn is conserved. But since there is only one conserved 


quantity with a specific scaling behavior, we can identify 


a earl (3.57) 


so that 


(v2 + s (Du (x) +u(x)D_)) Satay =D ed (3458) 


Thus we have shown that if the recursion relation of Eq. 
(3460) isovaliidefor n°—9ly2;3;+..mpeothensit ice valid for 
n = m+l also. By induction then it holds for all n. This 
recursion relation is crucial in proving that the conserved 
quantities are in involution. In fact, since 


oH, oH, 
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ce) oH OH 
3 pee oF m 
= - f ax(Dy + 3 (D,u(x)+u(x)D,)) Su(x) u(x) 
co 8=8s«OSH OH 
n-1 3 ul _m_ 
. i du (x) (D5, e 3 (D,,u(x) +u(x)D,)) Ou (x) 
- a OH, _1 OH n+ 
™ Ie du(x) ~x du(x) 
Be rey (3.59) 
By iteration we can then show that 
{H,- Hi}, = {HHL}, = 0 > (3.60) 


This proves that all the conserved quantities are not only 
independent but they are also in involution. one can also 
show in a similar manner, using Eq. (3.50), that 


iH, ,;Hl> = 6 (3.61) 
That all these H.'s are conserved follows from the relation 


dH 
at ~ {Hy-Ho}, = O= {HH}, (3-62) 


This proves, by Liouville’s theorem, that the Kav equation 
is integrable. Incidentally since the MKdv equation also 
shares the same conserved quantities, this also proves that 
the MKdV equation is integrable. 
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Higher Order Equations of the Hierarchy: 


We have seen that the KdV equation has an infinite 
number of conserved quantities Hae nN SHOvAH2 , . . Ie 
that 


, such 


{HL /H}, = {H,eHy}y = 0 


Namely, they are in involution with respect to either of the 
Poisson bracket structures associated with the KdV equation. 
We also saw that the conserved quantities satisfy the 
functional recursion relation 


oH oH 


(D3 + = (Du+uD) ) sey = n+1 


E du (x) 


This explains why the KdV equation can be written in two 
different ways, namely, 


6H 
1 
— = {u(x),Hy}5 = (D> + 4 (Du+tuD)) Sian 
oH, 
= D Su(x) = {u(x),Ho}, (3.63) 


Each of the conserved quantities, of course, can be 
thought of as a Hamiltonian and it generates its own 


evolution equation given by 


nR CHAP.3 INTEGRABILITY OF THE KDV EQUATION 


oH 
3 1 n 
BE = (U(X) Hy}, = (DY + 5 (Dutwd)) SaEKy 


OH 
Picts ee 
D Su(x) (Cea Ty 


(3.64) 


These are known as the higher order equations of the KdV 
hierarchy. In fact, it is clear that every integrable 
system must possess a hierarchial structure of evolution 
equations. Furthermore, since the H's are in involution, 
each equation in the hierarchy shares the same conserved 
quantities and is integrable. It is, therefore, instructive 
to think of u’s as a_ function of an infinite number of time 
variables. Thus 


u= U(X, ty, ty ,ty-+-++) (3.65) 


where the t,’s represent evolution parameters with respect 
to the Hamiltonian Hae Thus for a given evolution equation 
of the hierarchy, only the corresponding time parameter 
changes and the others stay constant. Furthermore, since 
the H,’s are in involution, the different flows are easily 
seen to commute. Namely, if we evolve the system along th 
for a time At, and then along t,, for a time At, the final 
state would be the same as if we had evolved the system 
along t, for a time At, first and then along t, for a time 


At, 


Let us, for completeness, note from Eq. (3.64) that the 
first equation of the Kdv hierarchy is 
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1 8u 
at ~ ° Sacxy * dx (3.66) 


This is nothing other than the equation for a chiral 
particle or a chiral wave in the sense that it describes a 
wave moving only to the left. This is a characteristic of 
the KdV hierarchy as we have seen in Eq. (2.24), in the case 
of the KdV equation, namely, their solutions are chiral. 
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CHAPTER 4 
INITIAL VALUE PROBLEM FOR THE KDV EQUATION 


There exist well known methods for solving a given 
linear Hamiltonian system with fixed initial conditions. 
For example, the Laplace transformation makes a partial 
differential equation into an ordinary one which is then 
solved. Similarly, the Fourier transformation changes a 
differential equation into an algebraic one which is easily 
solved. These methods are, however, inapplicable toa 
nonlinear system. 


Gardner, Greene, Kruskal and Miura were the first to 
solve the initial value problem for the KdV equation in a 
very ingenious way. In the subsequent years this method has 
been put into firm footing and has become the standard 
method for solving nonlinear systems. This goes by the name 
of inverse scattering theory which we shall study in detail. 
But let us first analyze the Gardner-Greene-Kruskal-Miura 
solution of the KdV equation. 


The Schrodinger Equation: 


Let us consider the time independent Schrodinger 
equation described by 


2 : 
= + (E u(x,t)+r)p = 0 (4.1) 
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where u(x,t) is the KdV variable which satisfies 


du du Oo" u 
ae” eee 5 (4.2) 


The variable t in u(x,t) is not the time variable for the 
Schrodinger equation. Rather it should be considered as a 
parameter characterizing the potential in the Schrodinger 
equation. Furthermore, \ is the energy eigenvalue and » the 
corresponding eigenfunction both of which will in general 
depend on t. 


The origin and the relevance of the Schrodinger equation 
in the study of the KdV equation is mysterious at this point 
and we will discuss this in more detail later. But for the 
moment, let us note that we can use the Schrodinger 
equation, Eq. (4.1), to eliminate u partially in favor of 
the wave function y in the KdV equation. For example, from 
Eq. (4.1) we see that 


u(x,t) = 


t 
u 
Oo 
— 
> 
+ 
Ie 
N 
mS 
<< 
S— 


(4.3) 


! 

S 

i>) 
— 

a 

ae 
‘| 


From here on we use the convention that subscripts t and x 
denote differentiation with respect to those variables. 
Using Eq. (4.3), we can easily calculate 


p 
ie (A, + ae = a =) 


76 


uu 
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= Fi Ov + (Proce VaexrMe)) 


y 
aes az te) 


¥ Pre 
-6 Go re 


- a (Parsee Paco) 


8 ¥. 
= - Sz Y Belem) 
p. 
pe mF) 
Sw & + oa 8 
y" Ox ox \p x Ox \y 
6 8 a uy 
RPE GY SE may 
y ¥. 
+ on, — 3?) 
6 8 9 uy 
GP OR BG) * Ge ea Watt Han) 


+ 6, - GS) 


(4.4) 


(4.5) 
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=. a = yp? a ee > bu Px 
Y Y 
or, UM, = - r : y ey + 12u,(- : u-r\) + — 
or, 3uuy S = 7 = y? 3. (=) = 12du, By — 
Using the formula for u, we then obtain 
uu, = - Gz bx Yb ((F u - 4) ) a (4.6) 


Similarly, we can calculate 


Sie eee) 


ic ee 
=e, Cp) + «2 Ces 
tae +e fa 
She? & CES) - FC 
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or, 


Thus the KdV equation can be obtained in terms of the 
Schrodinger wave function, from Eqs. (4.4), (4.6) and 


(4.7), to be 


Ls 
2 


~— 


Qa 


8x 


u, - wu, -u 
6 3 2 
or, - 5 lex ~ 
y 
2 3 2 


ye se 
= 

mo (ce 
ee 
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y 
ae + (2 utd) 3) 


pes 


utd) 


utd) S + v7] . 


(4.7) 
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Integrating this over x and remembering that the wave 
function wy vanishes at x = + (both for the bound state as 
well as for the oscillatory states) we obtain 


A, 7 0 ry (4.9) 


This is an important conclusion. Namely, if u(x,t) evolves 
according to the KdV equation, then the eigenvalues of the 
Schrodinger equation, Eq. (4.1), with u(x,t) as the 
potential are independent of the parameter t. Since Le 
vanishes, we see Eq. (4.8) to give 


3 Varsex Vet (5 u-3d)P,) (4.10) 
6 Ss 


Using the Schrodinger equation (Eq. (4.1)) this can be 
written as 


It follows, therefore, that 


ot 1 
+=u + 4 base itd 
0 eee Oe Ys = constant (4.11) 


Since the constant is independent of x, it can be determined 
from the asymptotic behavior of various quantities. 
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Time Evolution of Scattering Parameters: 


i) Bound States: X = Re < 0. 


Let us recall that since 


evolution in the parameter t must represent a unitary 
symmetry of the Schrodinger system. Consequently, one could 
study the system at t=0. In this case, we know that the 
bound state wave functions fall off exponentially so that 


p(X) e (40124 


x00 


Furthermore, we know that the KdV variable satisfies 


u(x,t) ——> 0 (4.13) 
x00 
so that 
Ye + UY + OD, - FU, Ye : 
= er? st > = 0 = 4? (4.14) 
7] x70 % 


Thus the constant is determined and the evolution of (x,t) 
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with respect to t is obtained from Eq. (4.14) to be 
sf 1 3 
Y, + |— uy + 4p, = 3 ¥yecett yp = 0 (4.15) 


Multiplying this equation by y and integrating over. x we 
obtain 


a hipcai eee 2 a 
aed CRE) tel ey + 4 f dxpyp, 
= _ ~ —_0O 
00 (+) 
- 1 a dxuyyp, - 4n> ip dxy* = 0 
00 00 2 oo 2 
d 
or, ge Je Gv) + DS dx 82 2 5 ax SCY) 
= —0 —00 


? m2 
J axp? = 0 (4.16) 


00 
gt 2 3 
> ae dxu,p - 4k 


Let us note that each of the total derivative terms 
vanishes upon integration. Moreover, we recall from Eq. 
(4.5) that wy? has the form of a total derivative and hence 
vanishes upon integration also. Thus, if we define, 


1 a 
c(t) = f daxp" (x,t) ene 
-0 


for the bound states, Eq. (4.16) gives the evolution 
equation 


des (t) — 82071 (t) (4.18) 
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so that 


3 
en! eyumtc7+(0) a8" © (4.19) 


and 


3 
c(t) = c(oye o* © (4.20) 


This, therefore, determines the evolution of the bound state 
wave function with t. 


ii) Scattering States: \ =k 


In this case we choose the wave functions to have the 
asymptotic forms 


(x,t) > sb + Rieeee ae 
xXx7>—00 
(4.21) 
(x,t) > T(k,t) et 


x00 


Here we are assuming a plane wave incident from the left and 
R(k,t) and T(k,t) represent the coefficients of reflection 
and transmission respectively. Unitarity requires them to 
satisfy 


IR(K,t) 1? + [r(K,t)[? = 1 (4.22) 
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In this case we can calculate the constant of Eq. (4.11) in 
the following way. We see from Eq. (4.21) that 


af, al 
ve oe 4x9, - 3 UY, 
~ 


eo + 4ik ei kx - 4\ikR e ikx 


samo el kX 4 p Q -ikx 


(R,-4ikR)e 77 ance. 


ikx ~ikx (4.23) 


For this to be a constant it is clear that 


Ry ~- 4iXkKR = 4iXKR 


or, R, = 8idkR = 8ik°R 


es 
or, R(k,t) = R(k,oje’"* © Y  - beeay 


The constant, then, is easily seen from Eq. (4.23) to be 


4 ‘ wl 
+ Sup + 4¢, - = uy 
ge se Ss? =| aes 


Evaluating the expression of Eq. (4.11) as x*®, on the other 


hand, we obtain 
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1 i 


atime dice 
x70 

pm etkX 4 4inkt et k* ; 

1c ° 
aca mS = 41k 

Te 

Scant 4ik?T = 4ik?r 
Or, Te. =t0 
or, T(kK,t) = T(k,o) (4.26) 


Thus we have determined that if the potential in the 
Schrodinger equation of Eq. (4.1) evolves according to the 
Kdv equation, then the coefficients of reflection and 
transmission evolve in a simple way given by 


213 
R(k,t) SiLk5t 


R(k,o)e 
(4.27) 


T(k,t) = T(k,o) 


Furthermore, each of the bound state normalizations also 
evolves in a simple way, namely, 


3 
-8K't 
c(t) = (f dxy2(x,t)) > =e (oe 7 (4.28) 


for each bound state with energy -K2. 
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Gel’ fand-Levitan Equation: 


A given potential in the Schrodinger equation uniquely 
determines the coefficients of reflection and transmission 
as well as the bound states which are specified by the c,'8 
and the kK‘ 8. Conversely, if we are given these quantities, 
we can also determine the potential uniquely. Thus 
philosophically, it is clear that a given initial value for 
the KdV equation u(x,0) determines R(k,o), T(k,o), Ky and 
c,(9) uniquely. But the evolution of these quantities are 
already determined from Eqs. (4.9), (4.27) and (4.28) ina 
simple way. So, we know these quantities at any later time 
and hence can determine the potential u(x,t) at any later 
time. This, on the other hand, is the solution of the KdV 
equation corresponding to the initial value u(x,o). 


The actual determination of the potential from a 
knowledge of the bound states and the coefficients of 
reflection and transmission is achieved by solving the 


Gel’ fand-Levitan equation. Let K(x,y) be the solution of 
the equation 


i *] 
K(x,y) + B(xty) + f dzK(x,z)B(yt+z) = 0 , y2x (4.29) 
x 
with 
aL ikx n 
B(x) = 52 f  dkR(k)e™™ + bce (4.30) 
00 


where N is the total number of bound states of the system. 
Then the potential is obtained from a knowledge of K(x,y) as 
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[em 


2 u(x) = 2 2. K(x,x) Cpe: 


Let us note here that each of the quantities in this 
integral equation can in principle depend on passive 
parameters such as t in the case of the KdV equation. Let 
us also note here that this equation is not in general 
soluble in closed form. However, if the potential is 
reflectionless, then closed form solutions exist as we will 
discuss in an example next. 


Example: 


To see how this method works, let us take the initial 
configuration of the KdV solution to be the one soliton 
configuration. Namely, let (see Eq. (2.24) with c=4) 


u(x,0) = 12sech?x (4.32) 


so that the Schrodinger equation for t=0 becomes 
o*y 1 
+ & u(x,0) y = -ry 


2 
or, 2% 4 2sech?x o = -r» (4.33) 


As we have seen earlier, (see Eqs. (2.64) and (2.65)) this 
potential supports exactly one bound state with energy 


EXAMPLE 87 


co — Nae) (4.34) 


so that « = +1. The bound state solution can be easily 
determined to be 


p(x) = 3 sechx (4.35) 


We have chosen this particular normalization of the wave 
function so that asymptotically its behavior is as given in 
Eq. (4.12), namely, 


x 


(x) »>e 


x>-O@ 
(4.36) 
-x 


P(x) >e 


x00 


That this is the solution of the Schrodinger equation with 
the correct eigenvalue can be checked as follows. 


2 
8x? 


Oe + 28ech?x yp 


* 
sechx(1-2tanh*x) + 2sech™x > sechx 


N]e 


sechx(2sech’x-1) + sech>x 


Nie 


= 5 sechx = (4.37) 
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The normalization constant in this case can be determined 
from the definition (4.17) to be 


oo 0 
e(0) = (f dx? (x))7* = (F f dx sech*x)~* 
~00 ~00 


at 
a aes sech?x)~? = (4 jf d(tanhx) wii 
200 20 


= 2 (4.38) 
We know its time evolution from Eq. (4.28) to be 


c(t) = c(oje 8= = 2e78t (4.39) 


Let us also recall following our discussion of Chapter 
2 that the soliton potentials are reflectionless so that 


R(k,0) = 0 (4.40) 


From Eq. (4.27) we, then, conclude that 


eee 
R(k,t) = R(k,o)e2* © = (4.41) 


That is, the potential remains reflectionless for all values 
of t. Note that the unitarity relation, Eq. (4.22), in this 
case, simply becomes 


[t¢k,t)]? = |T(k,0) |? = 1 (4.42) 
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Thus the transmission coefficient is a pure phase. However, 
since this does not enter the Gel’fand-Levitan equation we 
do not undertake a detailed investigation of its structure. 
The integral equation of (4.29) in this simple case becomes 


© 
K(x,y,t) + B(xty,t) + f dz K(x,z,t)B(ytz,t) = 0 
x 


where (4.43) 


B(x,t) = c(tje* = 2e78t-* 


Thus written out explicitly, the equation takes the form 


00 
K(x,y,t) + 2e°8-*-Y + 2 f dz K(x,2z,t)e 9" Y-7 = 0 (4.44) 
x 
It is obvious that 
Rixy,t) = 0(x,t)e~ (4.45) 
Putting this form, into Eq. (4.44), we obtain 
oes, ~Oeeee 
w(x,t) + 2e°°-* + 2w(x,t) f dze =0 
x 
-8t-2x -8t-x 
On, W(t) (ite ) = -2e 
est=x-y ane 
or WS, 6) = ene oe ° 
U U lite 8t-2x 
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Therefore, 


K(x,y,t) = w(x,tje ~ 


-8t-x-y 
2e 
rr (4.47) 
ite 8t-2x 
so that 
-8t-2x 
2e : 2 
K(x,;x;t) = .- = ee Tee (4.48) 
1+ 8t-2x cre 8t-2x 


From Eq. (4.31), we then obtain 


é u(x,t) = 2 as K(x,x,t) 
a ge ot-2x a 8 
(te eee (et fg 
= 2sech?(x+4t) 
or, u(x,t) = 12sech*(x+4t) (4.49) 


This is, of course, the form of the solution we had 
obtained earlier (see Eq. (2.24)). It represents only a 
left moving wave. The significance of this method, however, 


lies in the fact that it can be applied to any complicated 
initial configuration. 
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CHAPTER 5 


INVERSE SCATTERING THEORY 


The results of Gardner, Greene, Kruskal and Miura, 
described in the last chapter, are interesting but they 
leave many questions unanswered. For example, it is unclear 
why the dynamics of the nonlinear system should be con- 
trolled by a linear system. Secondly, we do not understand 
whether the simple evolution of the various quantities 
associated with the linear Schrodinger equation should have 
a deep origin. Finally, although the inverse scattering 
method gives a solution of the nonlinear equation, we do not 
quite see how one can obtain the conserved quantities and 
hence conclude about the integrability of the system in this 
formalism. In this chapter, we will try to answer some of 
the questions postponing a discussion on the origin of the 
linear Schrodinger system to a latter chapter. Our 
investigation would be completely in the framework of 
scattering and inverse scattering theory. Consequently, we 
will begin by recapitulating briefly the essential details 
of scattering in one dimension. The rigorous details can be 
found in many excellent text books as well as review 
articles. 


Scattering in One Dimension: 


Let us consider the scattering problem in one dimension 
for the equation 


2 
ore 4 (q(x) +k? yp = 0 (5.1) 
ax? 
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We assume that the potential q(x) is real and falls off fast 


enough at infinity. We do not concern ourselves with the 


explicit rigorous bounds on the fall off behavior of the 


potential which can be found in the literature. Rather, we 
assume that the problem is well defined and that a solution 


to the scattering problem exists. Let us also note here 


that the Schrodinger system associated with the Kdv 
equation, given in Eq. (4.1), is obtained 


simply by 
identifying 


q(x) = 7 u(x) (5.2) 


Let us consider a plane wave incident from the left. Then 
we would have an asymptotic wave function of the form 


y(x,k) ——> e@ + R( Kye 


x7?-—00 


(5.3) 


een T(k)etk* 
x00 


As we know R(k) and T(k) are the coefficients of reflection 
and transmission respectively. 


To understand the analytic behavior of R(k) and T(k), 
let us introduce the Jost functions. These are solutions of 
Eq. (5.1) which satisfy the boundary conditions 
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f£(x,k) —— e 
x00 


(5.4) 


g(x,k) > 


x>-0 


From the form of the Schrodinger equation, Eq. (5.1), we see 
that for real k, if £(x,k) is a solution, then so is 
f"(x,k). From the asymptotic form, on the other hand, we 
see that 


£"(x,k) = £(x,-k) (5.5) 


and hence is linearly independent of f(x,k). This is also 
easily seen by calculating the Wronskian which is 
independent of x and hence can be evaluated from the 
asymptotic forms as 


[£(x,k),£(x,-k)] = ae £(x,-k) - £(x,k) Of (x,-k) 


Ox 


2ik (5.6) 
Similarly, it is also easy to see that 

g (xk) = g(x,-k) 
is a solution linearly independent of g(x,k) and that 


(9(x,K),9(X,-k)] = -2ik (5.7) 
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Since the Schrodinger equation is a second order 
differential equation, any solution can be expressed as a 
linear combination of the pairs f(x,k) and £(x,-k) or g(x,k) 
and g(x,-k). In particular, we then have 


£(x,k) = a(k)g(x,-k) + b(k)g(x,k) 
(5.8) 
g(x,k) = a(k)£(x,-k) + 5(k)£(x,k) 


The coefficient functions can be easily determined from 
Eq. (5.8) in terms of the Wronskians as 


a(k) = &(k) = stp [£(x/k),9(x,k)] 


b(k) 


- stp [£(%,k) 9(x,-k) (5.9) 


b(k) 


- stp [£(%,-k) 9(%,k) ] 
It follows, therefore, that 
b(k) = -b(-k) (5.10) 
Let us also note that because 
£*(x,k) = £(x,-k) and g (x,k) = g(x,-k) 
the coefficient functions must satisfy 


a (k) = a(-k) 
(5.11) 


b*(k) = b(-k) 
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Finally, the consistency of the relations in Eq. (5.8) fur- 
ther requires that 


b(k)B(k) + a(k)a(-k) = 1 


or, ja(k)|? = 1 + [b(k)|? (5.12) 


It is clear from Eq. (5.12) that a(k) cannot have any 
zero for any real value of k. It is also clear that if a(k) 
diverges for any real value of k, then b(k) must also 
diverge at that point in such a way that 


b(k)| _ 
rai =1 (5.13) 


We note here that while Eq. (5.12) is reminiscent of the 
unitarity constraint involving the coefficients of 
reflection and transmission, given in Eq. (4.22), it is not 
quite the same. 


Analytic Behavior of Scattering Coefficients: 


To make contact with R(k) and T(k), let us note that the 
actual wave function describing the scattering can also be 
expressed in terms of the Jost functions. In fact, we 
immediately see from Eq. (5.3) and (5.4) that we can write 


y(x,k) = g(x,-k) + R(kK)g(x,k) 
(5.14) 
= T(k)£(x,k) 
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so that the asymptotic behavior indeed holds. But then sub- 
stituting the form of f(x,k) from relation Eq. (5.8), we 
have 


dee 
mE) eas 
(5.15) 
R(k) = 


It now follows from Eq. (5.12) that 


2 
IR(k) |? + [r¢K) |? = [BUSI + ||” = 1 (5.16) 


This is, of course, the statement about conservation of 
probability given in Eq. (4.22). 


Let us recognize from our earlier discussion following 
Eq. (5.12) that both the coefficients of reflection and 
transmission are well defined for all real values of k. To 
determine their complete analytic behavior, we extend the 
domain of their argument to complex values of k. The Jost 
functions are analytic inthe upper half of the complex 


k-plane where Imk ) 0. Consequently, the coefficient 
functions, a(k) and b(k), are also analytic in the upper 
half of the complex k-plane. Therefore, we see from the 


forms of R(k) and T(k) that they are singular only if a(k) 
vanishes. But as we have argued before this cannot happen 
for any real value of k. Hence let us assume that a(k) 
vanishes for some complex value of k in the upper half 


plane. If 
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a(k) = 0 for k = ky p im Ky > 0 (5°. 1:7) 


then from the definition of Eq. (5.9), namely, 
a(k) = stp [£(x/k),g(x/k) ] 


we see that £(x,k,) and g(x,k,) must be linearly related. 
That is, let 


£(x,k,) = b,g(x,k,) (5.18) 


From Eq. (5.8), we recognize that we can think of b, as the 
analytic continuation of b(k) to k=k . On the other hand, 
we note from Eq. (5.4) that since Im k, S 0; £(x,K,) and 
g(x,k.) both vanish asymptotically, namely, 


—(Im ko )x 
£(x,k,) ==» € 
x->00 
(5.19) 
(Im ko )x 
g(x,K,) ——> 
x?>-0 
Thus we see that if a(k.) = 0, then we have a normalizeable 


eigenfunction of the Schrodinger equation corresponding to 
the eigenvalue nen On the other hand, since the Schrodinger 
operator of Eq. (5.1) is Hermitian, the eigenvalue must be 
real and since ky cannot be real, it must be pure imaginary. 
That is, 
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ky = ik, ; (5.20) 


We recognize this as the position of a bound 
Consequently, we conclude that a(k) 
zeroes along the positive imaginary axis corresponding to 
the location of the bound states. One can also show that 


these are simple zeroes. In fact, from the definition 


state. 
can have finitely many 


a(k) = sre (£(*,k),g(x,k) } 


we see that 


(k) Bf ( x, Kk) 
- —_ 7 ire ee 


Hekacemen) . ce (5.21) 


Here we have used the fact that the Wronskian of f(x,k) 
and g(x,k) vanishes for k = ik,- Furthermore, let us note 
that f£(x,k) and g(x,k) satisfy the Schrodinger equation 


2 
BTEC) 4 (q(x) +k?) £(x,k) = 


= 0 (5.22) 
Ox 

2 

POT) + (q(x) +k?) g(x,k) = 0 (5.23) 
Ox 


Differentiating these with respect to k, we have 
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a (eg XeK)) 4 (q(x) +k?) (SECURED) + ant(x,k) = 0 (5.24) 
2 
a (Saige) + (q(x) +k?) (2tG2k)) + 2kg(x,k) = 0 (5.25) 


Multiplying Eq. (5.22) with ee and Eq. (5.25) with 
£(x,k) and subtracting one from the other we obtain 


Oq(x,k) O£(x,k) _ 8q(x,k) 
= Ce on £(x, ky) & jh ee wD 


go 


- 2kf(x,k)g(x,k) = 0 
or, & [e(x,k), 2FG&%K))] = ane (x,k k 
' 8x rK)e ok = (x,kK)g(x,k) (5.26) 


Integrating this with respect to x we obtain 
x 
[£(x,k), Sa Ge, k)) x = 2k f dx’£(x’,k)g(x’,k) (5.27) 
—00 


Similarly, from equations (5.23) and (5.24), we obtain 


f ( ) oo 
- Sk a, g(x,k)]¥ = -2kf dx°f(x°,k)g(x°,k) (5.28) 
x 


Let us note further from Eq. (5.19) that for k = ing, £(x,k) 
and its derivatives vanish exponentially as x+ just as 
g(x,k) and its derivative do for x*-~. Thus we obtain 
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{[£(x,k), Sa(x,k)) ‘ (Pt Gek) 1 g(x) ]} 


0k k=4 
=ik, 
wo 
= 2ik, cock ara damehaxr ii, ) m (5729) 
Thus we see from Eq. (5.21) that 
gaitk) me (216 ) re axf (x, i i 
ak kein, 2K, 0 Oe ( 11K) O(X, 1K,) 
ow 
= -if dxf(x,ik,)g(x,ik ) 
—0O 2 
da(k) oom 2 lee 
Often l Saye - = bo pendx ws (x,ik,) = bo Cc, (5.30) 
= Lis, —-o 


where co is the normalization of the bound state as dis- 
cussed in Eq. (4.17). This shows that the zero at k = ik, 
is a simple zero since neither bo or c, vanish for a non- 
trivial solution. Furthermore, if the spectrum does not 
change with the evolution of the potential, then the left 
hand side is a constant and consequently, bo would be 
proportional to ee 


We, therefore, conclude from Eqs. (5.11), (5.15), (5.20) 


and (5.30) that the coefficients of transmission and 


reflection are continuous functions of k, satisfying 


R'(k) = R(-k) T"(k) = T(-k) (5.31) 
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Furthermore, they are analytic in the complex upper half 
plane except at the locations of the bound states, namely 
= ik., n= Dee. oN The singularities of T(k) at the 
bound states correspond to simple poles with the residues 


ir 4] 
Res T(k) (-i J AXE (yi )G(HriKy)) 


k=ik, 


~ iabages (5.32) 


where Da and c,'s are the generalizations of bo and ca to 
other bound states. 


It is clear from these properties that we can determine 
the coefficient of transmission once we know the coefficient 
of reflection and the bound states. For example, if we know 
R(k), 


[v(k)] = (1-]R(k)[7)2/2 (5.33) 


Furthermore, since T(k) is meromorphic we can write 


be (1-]R( “1 2) N ktik. 
T(k) = exp{ayy J dk res cane Ms a 


The second factor, which arises from the bound state 
contributions, corresponds to the phase of T(k). Thus we 
see that the scattering matrix is completely determined once 
we know R(k), Ky and che That is why this set is often 
called the scattering data. Furthermore, just as a 
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potential determines the scattering data and hence the s- 
matrix uniquely, the knowledge of the scattering data also 
can lead to the construction of the potential uniquely. 
Finally, to see the usefulness of the formula in Eq. (5.34), 
let us note that if the potential is reflectionless, then 


R(k) = 0 


and hence 


=f (5.35) 
k ik, 


is a pure phase. 


To fix our ideas, let us consider the one soliton 
example, studied in Chapter 4, in some detail. In this 
case, we obtained that the potential is reflectionless and 
supports only one bound state at 


so that from Eq. (5.35), we obtain 


1 
T(k) -= a(k) ae (5.36) 
It follows, then, that 
da(k) =3 5.37 
i ak 2 ( ) 


k=i 
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We also obtain from Chapter 4 (see Eq. (4.35)), that the 
bound state wave function has the form 


y(x,t) = > sech(x+4t) 


which satisfies 
*(xt+4t) 


y(x,t) > e 


x?>+00 


and (5.38) 


0 
f dx ~*(x,t) = 5 
-0 


The Jost functions can be written in terms of (x,t) as 


£(x,k=i) = etty (x,t) —)y e* 
x00 
(5.39) 
g(x,k=i) = e “"y x,t) ae 
xX>-—0O 
Note that 
£(x,k=i) = e®t g(x, k=i) 
so that (5.40) 


b(k=i) = e& 
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We recognize this to be 2c h(t) from Eq. (4.39). Further- 


more, 


ae 8t -. 2 
J dx £°(x/k=i) = e J dx yi(xst) = oe®t = (ty (5.41) 


From Eqs. (5.37), (5.40) and (5.41) we can verify ina 
straightforward manner that the relation (5.30) holds. 


Action-Angle Variables for Kdv: 


As we have noted in Eq. (5.2), we can specialize this 
discussion to KdV by choosing 


io 


q(x) = — u(x) 
so that the Schrodinger equation becomes 


2 
se? 66 MXIHK DY = 0 


Instead of dealing with the scattering coefficients 
directly, let us analyze a(k) and b(k). It is clear that 
these coefficients are functionals of the potential. 
Therefore, we could calculate their variation with respect 
to the potential in the following way. Since the Jost 
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functions satisfy the Schrodinger equation, we have 


2 
os + (E u(x)+k?)£(x,k) = 0 

x 
(5.42) 


2 
oe oe + (F u(x) +k?) g(x,k) = 0 
x 


Let us assume infinitesimal variations 


u(x) > u(x) + 6u(x) 
£(x,k) » £(x,k) + 5f£(x,k) 


g(X,kK) + g(x,k) + 6g(x,k) 
subject to the conditions (5.43) 


Su. —————)_ 0 
| x | +00 


6£(x,k) 


5g(x,k) 


Keeping linear terms in the variation of Eq. (5.42), we 
obtain 


2 
Ques ap (z u(x) +k?) 5£ tr 7 Suf = 0 
6x 
(5.44) 
2 
ul 
as + (¢ u(x)+k?) 3g + 3 dug = 0 
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Multiplying the first of Eq. (5.42) with Sg and the last of 
Eq. (5.44) with f and subtracting one from the other we have 


Of gq il 
Sx (ae 5g - f = ) - S Sufg = 0 


x logs - - - - 
Ok, ([ivéedl, = a oe dx“6u(x~)£(x°,k)g(x",k) 
OF [PORK a, CRUE] = 35 £00k) g(x.k) (5.45) 


In deriving Eq. (5.45) we have used the asymptotic condi- 
tions in Eq. (5.43) and the formula 


es) 0 
i dx5(x)£(x) = : £(0) = f dx 3(x)£(x) 


Similarly, from the other pair of equations in (5.42) and 
(5.44) we obtain 


me 1 9(x,k)] = i £(x,k)g(x,k) (5.46) 
Then, from 


a(k) = stp [£(%/k) ,9(x/K) ] 


and using Eqs. (5.45) and (5.46), we have 
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6a(k) _ ped 6f(x,k) : g(x,k)] 


du (x) 21k du (x) 
1 5q(x,k) 
+ oie [£00k . du (x) ] 
or, (22S £(x,k)g(x,k) (5.47) 


6u(x) ae 


Similarly, we can also calculate from 


b(k) rai sy (£(x,k),9(x,-k)] 
that 
Sines =e sir £(x,k)g(x,-k) (5.48) 


We could, therefore, calculate the Poisson brackets between 
various functionals of a(k) and b(k) from the relation, Eq. 
(G53) 


5G fe) 
{F,G} = by xa Ox Su(x) ~ Ox ne Secxy) 


The explicit calculations of the Poisson brackets are given 
in the appendix and we merely state here that the set 


p(k) = - 444% joglack)| 
(5.49) 


Q(k) = arg b(k) 
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constitute a canonical set of variables satisfying for 
k,k”° > 0 


{P(k),P(k°)} = 0 = {Q(k),Q(k”~)} 
(5.50) 
{Q(K),P(k°)} = 6(k-k”) 


In addition to the scattering states, we also have the 
bound states characterized by Ko and c,: One can calculate 
the Poisson brackets between these variables in a similar 
manner and it can be shown that 


pap= dae . 
= 2 
cei is log Ib. | (Six5ilh) 
where 
b= -ic7! dats) | n = 1,2,....N 
n n dak es 
=ik, 


also constitute a canonical set under the KdV Poisson 
bracket structure. Together the set (P(k), Pe Q(k), qn) 
constitute the canonical coordinates of KdV. It follows 
from this that 


{log a(k),log a(k”)} = 0 (5.52) 


Consequently, log a(k) must somehow contain the conserved 


quantities. 
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In fact, let us note from Eq. (5.34) that 


2 
an log(1-|R(k“ 

Y a 
+ log (5.53) 

eet k+ik, 
and since |R(k)| is small for large k, this has the asymp- 

totic expansion 
a2 c 

2n+1 
log a(k) —— ee (5.54 
k>00 a pasar 


where 


= ak 2n 2, 2 ql 
Sana Iai f e tee 2n+1 a (i) 


N 
a 2n 2 5 2n+1 
= ar i dk k7710g| Tk) |? ar y (ix,) 
m=1 
ies «2nd 2 i anti § ue 
-- 3 J dk k P(k) siete L (p,) (5.55) 


It is clear that the Conti 5 involve only the momentum 
variables and hence must be in involution. To make contact 
with the more familiar form of the conserved quantities we 


proceed as follows. 


We know from Eq. (5.4) that 
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Hence 


log £(x,k) > ikx 


x00 


or, x(x,k) = log £(x,k) - ikx SiO 


X00 


Similarly, from the definition in Eq. (5.9) 


atk) == (z= g-f Sa) 


2ik \Ox 
1 Of _-ikx : -ikx 
==» = ee + ikfe 
soem 21k \Ox ) 
Pe —ikx 1 Ot. . 
= =: £(x,k)e 2 ae ik) 


k 
sy f£(x,k)e -i xo. (Qnf-ikx)+2ik) 


-ikx fe) c k 


Taking logarithm of both sides we conclude that 


X(x,K) > log a(k) 


x>-0 
Consequently, defining 


Oy(x7k) — Rot : 
E(x,k) = “9 "= 6x 7 +x 


111 


(5.56) 


(5.57) 


(5.58) 
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we see that 


oo 
log a(k) = - f dx€(x,k) (5.59) 
—00 


On the other hand, since f£(x,k) satisfies (see Eq. (5.38)) 


2 
BPECHR) 4 (2 u(x) +k?) £(x,k) = 0 
Ox 


we obtain 


Ox Ox 
= ~€7 - 2ikg - Zu 
or, €2% + = + 2iké +2 u=0 (5.60) 


That is, € satisfies a generalized Riccati equation. 
Expanding € as a power series in inverse powers of k we have 


€(%) 


€(x,k) = ~~ 
n=0 (2ik) 


(5.61) 


where the oa 8 must satisfy the recursion relation 


ae cd n-1 
fn + ax * aes eS (5.62) 
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with 
§&> = 0 
(5.63) 
1 
alll aa 
Thus, recursively, we see that 
dé 
So." “see 6 “x 
(5.64) 


dé 
= eee =: 2\re, 2 eres 
§3 =a - €5) 6 xx 360" 


and so on. Up to normalization constants we see that these 
are the conserved densities we had calculated in Eqs. (3.36) 
-(3.41). In fact, we can show that 


Pete | 
§n i — Vn-1 (3265) 
so that following Eq. (3.44) we can write 
ye 00 
Hy, = 3(-1) I ax , -18 ie aX E5541 (5.66) 


We see from Eqs. (5.59) and (5.61) that we can write, asymp- 
totically, 
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mS 1 


oo 
log a(k) = - ) ——aney SOX fone (*) 


n=0 (2ik) 


But we also know from Eq. (5.54) that for large k 


00 
u 
log a(k) = ) Say & 
a=0 ,2nti 2n+1 


Thus, comparing, we obtain 


1 bs 
; aed J Sane (*) 


2n+1 (2i) 


where the familiar conserved densities are 


recursively. The conserved quantities of Eq. 


then given in terms of the action variables as 


oo 
- a -,2ntl 
a = -18 - axe n+l 18(21) Contl 
fo) 
= (ae 22n-1 f dk k22-1p (ik) 
0 
2n+1 


1,2n- 


N 
ay 1 2 
+ come) "” (P,) 


In particular, the KdV hamiltonian takes the form 


Heavy = He 


=e dk k°pck) +b (2)? FY cp iy9/? 


(5.67) 


(5.68) 


calculated 
(5.66) are 


(5.69) 
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The time evolution of the canonical variables can now be 


simply calculated using the Poisson brackets of Eqs’. (5.50) 
anda (5.512). 


SP(KeE) = (p(k, t),H 


dt Heayt = 0 
dp, (t) 
de = {Pylt)Hgyt = 0 


k 
GOCE) (9(k,t) Hay} = 8k? (5.71) 


dq, (t) 3 
dt ~ (9, (*)Hyayt = 4K, 


From the definitions of these variables, it then follows 
that Eq. (5.71) is equivalent to 


a(k,t) = a(k,o) 


es 
b(k,t) = b(k,ojee2* (5.72) 


BKot 
b(t) = b, (oye 


This is the same evolution as was obtained by Gardner, 
Greene, Kruskal and Miura (see Eqs. (4.27) and (4.28)). We 
now understand this simple evolution to be a consequence of 
the fact that the transformation to the scattering data is 
the transformation to the action angle variables. 
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CHAPTER 6 


THE LAX METHOD 


So far we have seen that if we can associate an 
appropriate linear equation with a given nonlinear evolution 
equation, then the method of inverse scattering applied to 
the linear system yeidis the solution of the nonlinear 
equation. The linear system whose eigenvalues do not evolve 
under the nonlinear flow, therefore, plays a fundamental 
role. However, we have not as yet understood how the linear 
equation arises and how to find an appropriate linear 
equation for a given nonlinear evolution equation. 


Origin of the Schrodinger Equation: 


There are various ways to understand the origin of the 
Schrodinger equation of Chapter 4 for the KdV equation. Let 
us first understand the most intuitive approach before going 
into a full formal discussion of the Lax theory. We recall 
that the KdV and the MKdV equations are related through a 
Riccati relation. Namely, if (see Eqs. (3.17) and (3.18)) 


u(x,t) = v7(x,t) + ive eet 2 (ov) 
then 

du ou a7u 

Bu bu _ Bu _g (6.2) 
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implies 


— —~- vr = ~ — ez 0 (6.3) 


In fact, we can take advantage of the Galilean invariance of 
the KdV equation, Eq. (1.42), and define a generalized 
Riccati relation of the form 


u(x,t) + 6 = v7(x,t) + iv® Es. penny 
Then 

du _, bu _ Bu _ g (6.5) 

ot Ox ax3 


av 2 av avy (6.6) 


As we have discussed earlier, a solution of the 
generalized MKdV equation gives a solution of the Kdv 


equation through the Riccati relation. However, the 
converse is not true in general since the Riccati relation 
is not invertible in general. However, since both the Kdv 


and the MKdV equations are integrable and share the same 
conserved quantities, we feel intuitively that the solution 
of one should imply the other and, therefore, we can ask 
when it is that one should be able to invert the Riccati 
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relation. The simplest way to invert the Riccati relation 
is to linearize and so we define 


> 


v(X,t) = iv® a (6.7) 


so that the Riccati relation of Eq. (6.4) becomes 


(u(x,t)+6) = - 6 = 


2 
Or, me + (2 u(x,t)+rA)P~ = 0 ; (6.8) 


Therefore, if we know w which satisfies the above 
equation then we can invert the Riccati relation. This is, 
of course, the time independent Schrodinger equation we 
studied in Eq. (4.1) and must hold for all values of the 
parameter t. Furthermore, note that since X, the eigenvalue 
of the Schrodinger equation or the spectral parameter, 
enters our discussion through a Galilean transformation, it 
is independent of the parameter t. Consequently, this 
explains why the spectral parameter does not evolve with t. 


The Schrodinger wave function w can be expressed in 
terms of the MKdV variable v(x,t) as 


. x 
o(x,t) = exp(- 7 faa 7 (x77) (6.9) 


so that we can obtain its time evolution to be 
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x o 
% = v(- - fax: 2YCe.5)) (6.10) 


On the other hand, we also know the time evolution of v from 
Eq. (6.6), namely, 


3 
Ov _ 2 Ov ov 
aa (v“-6d) ax + a (gala) 
x ; 
oy. 83 (tree ov) 
Chr Gmeea Ox: \a og ae 


Substituting this into Eq. (6.10), the time evolution of ¥ 
becomes 


%=- = (3 v>(x,t) - 6dv(x,t) 
2 
+ OvUt) + const) (6.12) 


Putting in the form of v in terms of w from Eq. (6.7) and 
using the fact that y satisfies the Schrodinger equation, 
Eq. (6.8), we determine the time evolution of to be 


Nie 


Ye = Yaxy + 7 Uy — 39, + Const. ¥ 


That is, 


1 
dole 


uy, + 3r¥,, = const. 
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1 : 
or, v, a uy + 4ry, - + up, = const. wy (6.13) 


This is indeed the form of the evolution equation we have 
already used in Eq. (4.11) in the investigation of the 
inverse scattering problem for the KdV equation. 


The Lax Pair: 


Let us next try to understand the formal theory due to 
Lax. The basic question we are interested in is the 
following. Given a nonlinear evolution equation, we would 
like to find a linear operator whose eigenvalues are 
constant under the nonlinear evolution. This is, of course, 
at the heart of the success of the inverse scattering 
method. To understand this question better, let us analyze 
the corresponding question for the linear case. Namely, 
given a linear evolution equation described by a time 
independent Hamiltonian H, we would like to construct 
operators whose expectation values do not change with time. 
It is clear that if A is an operator with this property, 
then in the Heisenberg picture, A(t) must be unitarily 
equivalent to A(0). Namely, 


UT(t)A(t)U(t) = A(0) (6.14) 


Here U(t) is the time evolution operator with the form (in 
the present case) 


U(t) = exp(-iHt) (6.15) 
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Differentiating both sides of Eq. (6.14) with respect to t 
we obtain 


ut (t) (CRE) - i[A(t),H])U(t) = 0 


or, SRE) = ifacty,H] (6.16) 


That is, for the expectation value of A(t) to be time 
independent, Eq. (6.16) must be satisfied. Furthermore, we 
note that we can write 


oa = -iHU(t) = BU(t) 


where (6.17) 


B = -iH 


is an anti Hermitian operator. 


Let us next mimic this argument in the case of the 
nonlinear evolution equation. Let 


L(u(x,t)) = L(t) - (6.18) 


denote the linear operator we are interested in finding. We 
assume this to be Hermitian and that its eigenvalues are 
independent of t. For this to be true, there must exist a 
unitary operator U(t) such that 
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a e 
U (t)L(tyUu(t) = L(0) (6.19) 
Differentiating both sides with respect to t, we obtain 
gu-(t) L(t)u(t) + ut (t) ~ ts u(t) 


+ UT(t)L(t) BCE) 0 (6.20) 


Unlike the linear case, here we do not’ know the form of 
U(t), but it is clear that because U(t) is unitary 


UT(t)U(t) = 1 
out) u(t) + UT(t) ORC) ie) 
so that as before in Eq. (6.17) we can write 


Oye) = B(tyu(t) (6.22) 


where B(t) is an operator which must be anti Hermitian. Sub- 
stituting this back into Eq. (6.20) we obtain 


ute) (CRUE — pat) n(ty1)uct) = 
or, SRE) = (a(t), L(t)] (6.23) 


ot 


Thus we see that for L(t) to be isospectral, it must 
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satisfy a relation similar to the linear case obtained in 
Eq. (6.16). The only difference is that, in the present 
case, we do not know the form of B(t). But let us note that 
L(t) is linear in u(x,t). Consequently, the left hand side 
of Eq. (6.23) would be a multiplicative operator which would 
be proportional to the time evolution of u(x,t). It is 
clear, therefore, that if we can find a linear operator L(t) 
and a second operator B(t), which is not necessarily linear, 
such that the commutator [B(t),L(t)) is a multiplicative 
operator and is proportional to the evolution of u(x,t) 
according to the nonlinear equation, then the eigenvalues of 
L(t) would be independent of t. Namely, in such a case the 
eigenvalues, \, of the equation 


L(t)p(t) = -dAP(t) (6.24) 


would be independent of t. Furthermore, y(t) must be 
unitarily related to its value at t=0. That is to say, 


p(t) = U(t)p(0) (6.25) 
Consequently, its evolution with t would take the form 


a 7 oeiey $(0) = B(t) p(t) (6.26) 


The operators L(t) and B(t), when exist, are known as the 
Lax pair corresponding to a given nonlinear evolution 
equation and play a fundamental role in determining the 
solution. 
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Specialization to Kdv: 


Let us next specialize to the case of the KdV equation. 
In this case, we have seen that 


2 
Dit) = = + 2 u(x,t) = D? + = u(x,t) (62279 
ox 
so that 
OL(t) _ 1 Bu 
at 6 Ot ee 


This is indeed a multiplicative operator and describes the 
time evolution of ou. One can look for a B(t) ina 
Systematic way. Let us note that B(t) must be anti 
Hermitian and hence must be odd in the number of 
derivatives. Let us choose the simplest form, namely, 


B(t) =a D en (6.29) 
where a is a constant. In this case, 


(B(t),L(t)] = ee -4 ae (6.30) 


Thus while the commutator is a multiplicative operator, it 
does not describe the evolution of u(x,t) under the KdV 
flow. In fact, we see that, with a=1, the Lax equation in 
the present case describes the chiral particle or wave. 


Namely, 
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Ol, 8t ~ Ox : (6.31) 


The next obvious choice of B(t) satisfying all the 
symmetry properties and a homogeneous scaling behavior is 


B(t) = a,D° + a, (DutuD) (6.32) 


where a, and a, are constants so that 


| 3 et 
[B(t),L(t)] = (g= - a,)(@ou) + = u(du) 


+ G = 4a,) ((D7u)D+(Du)D?) (6.33) 


Thus we see that this commutator is a multiplicative 


operator if the constants ay and a, satisfy 


a 
3 “e 
a 4a, = 0 
or, a, = 8a, iG . (6.34) 


In this case 


apie! 3 
[B(t),L(t)) = => (u(Du) + (D-u)) (6.35) 
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and we see that with the choice a, = 1/2, the Lax equation 
of Eq. (6.23) indeed describes the KdV equation. Namely, 


OL 
at 7 [B,L] 
or du _ , du, du 
, Bt Bx 3 (6-36) 


The Lax pair in this case are given by 


L(t) = D* + 


alr 


u 


B(t) = 4D° + 2 (Du+uD) (6.37) 


Let us note here that the operator B(t) is defined only up 
to an additive constant since a constant commutes with 
everything. Allowing for this then, the evolution of 
under t follows from Eqs. (6.26) and (6.37) to be 


Be = BY 


(4D° + = (DutuD) + const) yp 
1 
ao uy + up, + const. wy 


4Yoexx 


1 ah 
=-<¢ up ae ers 4p, + const. y 


ale 
c 
< 
+ 
> 
<< 
1 
wl 


or, + up, = const. y 
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This is precisely the same equation as in Eqs. (4.11) and 
(6.13). 


In fact, we can generalize this construction and choose 
B(t) to be higher order in the derivatives. Since B(t) must 
be anti Hermitian, the most general form with a homogeneous 
scaling behavior can be chosen to be 


pom 


Bit) = af m TL (ejcaro?3* e D734», (uy) ] (6.38) 
I= 


Here a is an overall constant and b.(u) represent m arbi- 
trary functionals of u with specific scaling behavior. We 
also know that [B(t),L(t)] is Hermitian and consequently, 
must have the form 


™m . 
eee J 
[Bi(t),L(t)] = a Ki(u) + ha D c, (upp! (6.39) 


where K,(u) is a multiplicative operator. Requiring this 
commutator to be a multiplicative operator imposes m 
conditions which determine all the b.(u) uniquely. Choosing 
the overall constant appropriately, the Lax equation in this 
case can be shown to give the mth order KdV equation of Eq. 
(3.64), namely, 


Sb = [B(t) L(t) ] 


=e0s. 
OF, 6t ~ Sxveucx) (6.40) 
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This shows that the solutions for all the equations in the 
Kdv hierarchy can be obtained from the scattering data of 
the same Schrodinger equation. 


Alternate Construction: 


There exists an alternate method of deriving the 
operators Bylt)s which uses formal operator techniques and 
is quite elegant. Let us recall that 


u(t) =p* +2 u (6.41) 


ale 


Therefore, we can formally define the square root of this 
operator to be an infinite series in inverse powers of D. 
That is, 


1 


= w 
L7(t) = D + aj(u) + 2 a(uyD-™ 
n=1 


(6.42) 


where each of the a(u)’s is a functional of u. Their 
functional forms can be determined up to any order by 
squaring the formal series and requiring it to be equal L(t) 
up to that particular order. 


|e 


Given the form of L?(t), we can easily calculate 
2m+1 


(L(t)) 2 simply from the relation 


130 CHAP,6 THE LAX METHOD 
2m+1 i 1 


(L¢(e)) «2 ae ceyn2¢eye= co? amy a7 ey (6.43) 


This is also a formal series, containing both positive and 
2mt+1 


negative powers of D. Let (ae denote the part of the 
formal series where the degree of the differential operator 


is greater than or equal to zero. The complement denoted by 
2m+1 


(L(t)) * consists of terms with only negative powers of D 


and we have 


2m+1 2m+1 2m+1 
(L(t)) 7 = (aee,? ee (6.44) 


Let us note from Eq. (6.43) that since the highest 


2m+1 
derivative contained in L(t) is oS , to know eae. ae 
accurately, we must know the coefficient of the p~2™ term 
at 
in the expansion of L7(t). Let us also note that 
2mt+l1 
2 
[(L(t)) , L(t)] = 0 (6.45) 
Using Eq. (6.44), we obtain 
2m+1 2m+1 
2 - 2 
[(L(t))4° - Lety] = -[(L(ty)_* =, Lety] (6.46) 
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The left hand side is a derivative operator of degree >0 
whereas the right hand side is a derivative operator of 
degree <0. Thus the equality would hold only if both sides 
correspond to e multiplicative operator. Thus we see that 


2m+1 
[euteny,” » L(t) ] for in =0,1,2.55etbea) 


2mt+1 
is a multiplicative operator and hence Gigan:.” can be 
identified, up to a multiplicative constant, with BA(t)- 
Namely, 


2m+1 
Balt) = a, (b(t), (6.48) 


nN 


Examples: 
Following Eq. (6.48), we write 


i 
2 
rf (6.49) 


Bo(t) = a)(L(t)) 


Let us recall from Eq. (6.42) that 


- 00 
(L(t)? = D+ ag(uy + LE a,(uyo™ 
n= 


so that 
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a 
(L(t))? = D + ag(u) (6.50) 


1 
To determine Ag(U), we must expand (L(t))? up to the p7i 
terms. That is, let 
i 
(L(t))? = D + ap(u) + a, (upd? (G05) 
Squaring this and keeping terms only up to D° we have 
(Dtay(u) + a,(u)D-")(Dtag(u) + a,(uyD™*) = v2? +2 u 
0 if 0 al 6 
or, D* + 2a,(u)D + ((Day(u)) + (ap(u))? 
f 0 0 0 
= p* aoe 
+ 2a,(u)) =D° +eu (6.52) 
Comparing terms on both sides, we obtain 
a, (u) = 0 
a.(u) =u 
1(4) = 5 (6.53) 


so that up to this order 
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ay 


| 


(L(t))? = D+ 1. uD (6.54) 


Note that this could have been obtained from a formal Taylor 
series expansion as well For example, 


(=) 


(L(t))* = (D2 + 2 w) 


= (1 +45 wi? +...) 
=D + is for) 2... (6.55) 
In any case, we see that 
al 
(ge). =D E (6.56) 


Thus we recognize that with a =1, this is the same B(t) 
which we had found in Eq. (6.29). Namely, 


1 
2 
Baer) =e) =D (6.57) 


1 
If we expand (L(t))? consistently to the next term, we 


obtain 


4 al 
(L(t) )? +, ue 


2 


DEst 


ra 
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Thus 
3 i 
2 2,1 2 
(L(t))" = (DU + — u)(L(t)) 
3 , Vi Roe ieee ren 
= Dp + 12 D’uD * - 34 D u,D + F3 uD 
er ee oe | -2 
Te 72 uD - [ae uu,D 
— 1 -1 
=D” + a Me + 4 uD + O(D ~) 
3 
or, (L(t))* = D* +2 (Dutud) + 0(D*) (6.58) 
Consequently, 
3 
(L(t))2 = D? + + (Du+uD) (6.59) 
With a,=4, we recognize that 
3 
Z 2 cle 
B,(t) = a, (L(t))* = 4D° + 5 (Du+uD) (6.60) 


is the same B(t) we had determined earlier in Eq. (6.37) for 
the KdV equation. All the BAj(t)’s can likewise be 
determined up to a multiplicative constant. 
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Lenard’s Derivation of the KdV Equation: 

To understand further the interplay between the linear 
Schrodinger equation and the entire hierarchy of the Kav 
equations, let us ask if we can derive the latter from the 
former. The crucial assumption in this derivation clearly 


would be the t independence of the spectral parameter . 


The Schrodinger equation is 


2 
— ss (z u(x,t)+d)P(x,t) = 0 
x 


or, P,, + (Z utr)p = 0 (6.61) 
Differentiating with respect to t we obtain 


Vie * (Z utrA)p, + z u,p = 0 (6.62) 


Let us choose (x,t) to be normalized to unity for all t so 
that 


‘“ 2 
J dxyp?(x,t) =1 (6.63) 
—0O 


Consequently, if we multiply Eq. (6.62) with y(x,t) and 
integrate over the whole x-axis, we obtain 


00 
at 
bes Ax (Wyoct 6 ads 


alr 


u,¥*) KO (6.64) 
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On the other hand, we see from Eq. (6.61) that we can 
write 


00 
r= ~f_ x ( Wye + 2 uy’) (6.65) 


and since \X is assumed to be independent of t, we obtain 


00 
MS 0 Gx (Yee + Wat t+ 6 UEv” + 3 Uy) 
2 | ee ie 
= ~f ox (2 ct += ups + > UE) (6.66) 


Using relation (6.64), the above expression becomes 


[6] 
1 yh ' 
f ax(s wy, + ZF UY - GULP - 5 Upp.) = 0 


or, f dxu, 9" = 0 (6.67) 
-0 


Therefore, the form of U, must be such that the integrand in 


Eq. (6.67) is a total divergence. The most general form for 
this is 


[=] 
ct 
a 
N 


os (acuyye + B(u) pp, + cup) (6.68) 


Here A(u), B(u) and C(u) are functionals of u and depend on 
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». Let us emphasize that this is the most general form of 
the integrand since any higher derivative of can be 
reduced using the Schrodinger equation. Writing out the 
terms explicitly we have 


2 24 2 
uP oa ALY. cts 2AY Px +: ee a B(#,) 
2 
+ BY) x + CW + 2cyyp, 
2 a 
= (A+B) (¥,)" + (BY + 2C - 2A(e utr) ) pp, 
1 2 
+ (ce =. utdr))p (6.69) 
Comparing both sides we obtain 


A, + B= 0 


(6.70) 


it = 
B, + 2c - 2A(z utr) = 0 
1 
or, C= A(z utr) +5 ALY 
and 


il 
u, = C, - Big utr) 


a 1 a 
= 5 Ac * AK (§ utd) 6 Ux 


or, Uy = 4 (D> + 4 (DutuD))A + 2dDA (6.71) 
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Since Uy is independent of \, we must choose A(u) to be a 
function of \ such that the above relation is consistent. 
Expanding as a power series in (-4d) (we choose this to be 


consistent with our earlier convention of Eq. (3.58)) 


n n c] 
A(u) = 2 J) As(uy(-4ra)2-4J (6.72) 
j=o J 


and substituting into Eq. (6.71), we obtain the recursion 


relation 
3 i A 
Ay = 1 
and 
u, = (D> + + (putud))a : 
t” 3 (DutuD))A, (6.74) 


We recognize that the Aes satisfy the same recursion 
relation (see Eq. (3.58)) as the conserved quantities of the 
KdV equation. Thus we can identify 


6H. 


A; = Su(x) (6.75) 


We have, therefore, recovered the functional recursion 
relations of the KdV equation as well as all the equations 
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of the KdV hierarchy since each equation simply corresponds 
to a particular form of A where the coefficient functions 
are completely determined. This shows that the entire 
hierarchy of equations can be obtained from the same 


Schrodinger equation if we assume the spectral parameter to 
be t-independent. 
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CHAPTER 7 
MORE ON Kdv 


In this chapter, we will discuss various other fasci- 
nating aspects of the KdV equation. First of all we will 
try to clarify the physical meaning of the spectral para- 
meter of the Schrodinger equation. We will show how the 
conserved quantities can be seen to be in involution in the 
Lax method. Finally, we will bring out the symmetry group 
structure associated with the KdV equation. 


The Spectral Parameter: 


Let us next understand the physical significance of the 
conserved eigenvalues of the Schrodinger equation in the 
case of the KdV equation. To do that let us denote the Kdv 
equation compactly as 


u, = uu, +u = K(u) (7.1) 


Furthermore, we can construct a one parameter family of 
solutions, ul©) (x,t), of the KdV equation in the following 
way. Let 


uf©)(x,0) = u(x,0) + e£(x) (7.2) 


where £(x) is a smooth function vanishing asymptotically. 
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We denote the solution of the KdV equation corresponding to 
this initial data by ul®) (xt). This will in general be a 
power series in € of the form 


ul©) (x,t) = u(x,t) + ev(x,t) + 0(e7) 


where ; (7.3) 


(€) 
v(x,t) = du — 
€=0 


(Here v(x,t) is not the MKdV variable.) Furthermore, let us 
define 


dK(ul€)) dK (u+eéev) = (7.4) 
ea Cee 
= : E= 


Clearly this is a linear functional of v and is known as the 
Frechet derivative of K(u). M(u) is more commonly known as 
the functional derivative of K(u). Let me emphasize that 
M(u) would in general be an operator involving derivatives. 
Let us also note from Eq. (7.1) that ul) would satisfy the 
equation 


uf€) = Kul) as (7.5) 


so that differentiating both sides with respect to e and 
setting €=0 we obtain the linear equation 
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Let us also, for simplicity, introduce the following 
notation for the functional derivatives of the conserved 
quantities. If H,(4) is a conserved quantity, then its 
functional derivative is obtained from 


dx, (ul€? dH (utev) 
de = “Sea nn = (G_(u),Vv) 
de é2 de ge n 
0 
= J 9% G (u(x,t) )v(x,t) (7.7) 
so that 
OH, (1) 


G(u(x,t)) = Bu(x,t) (7.8) 


We also readily identify from Eqs. (3.12) and (7.1) 


8G, (u(x/t)) SH, 


ilies ~ Bx Su(x,t) A 


Let us note here that since nae) is conserved for 
all values of e, 


(G,(u(X,t)) , v(x,t)) (7.10) 


must be time independent. Taking the time derivative of Eq. 
(7.10), we obtain 
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ac 
iggy v) eee, & = 0 (72a) 


Furthermore, using the form of the evolution for v from Eq. 
(7.6) we obtain 


GE + v) + (6, + Mewpy) = 0 


or, ((3¢ + M"(u))G, a ee (7.12) 


Here M*(u) is the adjoint of M(u) with respect to the inner 
Procuct ( , ). 


Since v can be prescribed arbitrarily by choosing an 
appropriate initial configuration, we conclude that the 
above relation would be true only if 


(Be + MT(u))G(ucx,t)) = 0 | (74a 


That is, the functional derivative of each of the conserved 
quantities must satisfy the above equation. In particular, 


since 


00 
2 
Hy = 3 J ax u(x,t) 
we see that 
6H 


= u(x,t) (7.14) 


144 CHAP.7 MORE ON KDV 


and must satisfy 

B+ ube \es Se aa 

(Re +M (u))G, & + M'(u))u = 0 (7.15) 
Comparing this with the KdV equation, Eq. (7.1) we see that 


K(u) = -M*(u)u - eqn ass 
This, of course, can be directly checked. 


K(u) = wu, + u 


Hence 
dK (u+éev 
ae leg ee 
e€=0 
gives 
3 
oe o_ 
M(u) SE +0 poe (Tay 


It is obvious, therefore, that 


5 C7218) 


which directly leads to 
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K(u) = -M*(uyu (7.19) 


It is also useful to note from Eq. (7.18) the operator 
nature of M(u). 


Let us now consider the case where the solution of the 
KdV equation represents a solitary wave. That is, let 


u(x,t) = s(x+ct) (7.20) 


where c is the speed of the solitary wave which moves to the 
left. This wave satisfies the equation 


Ss(x+ct) = K(s) = -M*(s)s 


at 
See. yr 
or, ¢ 2 = -M'(s)s 
(7.21) 
or, (c 2. + M(s))s = 0 


On the other hand, the functional derivatives of the 
conserved quantities also satisfy the same equation in the 


present case. Namely, 


(& + M’(s))G (s(xtet)) = 0 


ez, (c o + M*(s))G (8) = 0 ” (7.22) 
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Comparing Eqs. (7.21) and (7.22), it can be shown that 


G(s) x s (7.23) 


That is, the functional derivatives of all the conserved 
quantities for the case of solitary waves are indeed 
proportional to the solitary waves. Another way of 
expressing this fact is to note that for such solutions, all 
the conserved quantities must take the same form given by 


are et) 
H, (8) a> ligo* Sex cts) (7.24) 


Let us now turn to the Schrodinger equation for the one 
parameter family of potentials. Namely, 


~ 


yh) + (z wi@d4 nfE)) gf) = 0 (7.25) 


where 


ul) sutevt 0(e7) 


py’) =p + ed + 0(€7) (7.26) 
M2 ane e Dl + O(c? 
de 0 (€°) 


so that for e€=0 we recover the usual equation 


Vag + (GU + AP = 0 
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Now taking the derivative of Eq. (7.25) with respect to e 
and setting €=0 we obtain 


ta EVD Jet dernese oan 
eE= 


Taking the inner product of Eq. (7.27) with y and using the 
fact that y satisfies the usual Schrodinger equation of 
(6.61) we obtain 


CH + Pag. EGET Mtetetgey Hage] dH} =0 


oF, (Weet(Z + WO) + Gl (Hew) + | (HrvH) = 0 


dr 


te 2 (vy) = - = (YW, v) (7.28) 


Here we are assuming that wy is normalized to unity. 
Furthermore, from the definition of the Frechet derivative 
in Eq. (7.7) and (7.8), we conclude that 


a Bag : 
Bu(x,t) ~ %™) SY CY) (7.29) 


We also note, following our discussion in Eq. (7.23), that 
since \(u) is conserved under the Kdv flow, for a solitary 


wave solution 


G(s) = - = y(s) as 
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1/2 


or, ¥(s) as (7.30) 


That is, in the case of a solitary wave potential, the 
eigenfunction of the Schrodinger equation is proportional to 
the square root of the solitary wave solution. We have, of 
course, already seen this for the one soliton potential. 
Namely, recall from Eqs. (4.32) and (4.35) that when 


u(x,0) = 12sech2x 


the bound state wave function is given by 


y(x) = + sech x - 


However, let us next see the consequences of the above 
identification. Putting the form of the wave function from 
Eq. (7.30) back into the Schrodinger equation we obtain 


2 


fe) 1 1/2 
—>= + (28 +h))s /* =0 
Cat ay 
Lt. =-1,2 12 
OF; (85, ~ 5° 8\etae eat 24s = 0 (7.31) 


Differentiating the above equation with respect to x, we 
obtain 


al al 4 
s - § 8 (8,5 -7s8 s + 3 8 + 2\s) + Ss, + 4s, = 0 
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or, 8 + wet 4x5, = 0 (7.32) 


We have used Eq. (7.31) to obtain the form of the last 
equation. Furthermore, using the form of M’(s) from Eq. 
(7.18), we can write the above equation as 


(42 2. -M(s))s=0 | Gongs 


On the other hand, since s represents a solitary wave, it 
must satisfy Eq. (7.21). Comparing then, we obtain 


c = -4)(s) (7.34) 


This gives a physical meaning to the spectral parameter of 


the Schrodinger equation. Namely, the discrete eigenvalues 
correspond to the speeds of the solitary waves up to the 
same multiplicative constant of -1/4. In fact, let us 


recall the results from our one soliton calculation of 
Chapter 4. Namely, for (see Eqs. (4.32), (4.34) and (4.49)) 


u(x,0) = 12sech?x 


= -1 


the inverse scattering method yielded the complete solution 
to be 


u(x,t) = 12sech?(x+4t) 
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so that 


c= 4 = -4) (7.35) 


This new meaning of the eigenvalues leads to an intuitive 
feeling for why they should be conserved. Let us recall 
that the solitary waves preserve their shape. Furthermore, 
as we have seen in Eq. (2.24), their shape is intimately 
dependent on the speed. Consequently, the speed for a 
solitary wave must be conserved. It is also clear that 
since the solitary waves can have infinitely many distinct 
speeds, the number of conserved quantities for the Kdv 
equation should likewise be infinite. 


Involution of the Conserved Quantities: 


To see further that the eigenvalues of the Schrodinger 
equation, which are conserved, are also in involution, let 
us note that if 


Vg + (EU + ADP = 0 


then, as we have derived earlier in Eq. (7.29) 


fey ~ 2 
Ourz,;t) § 6 ¥ 


Let us also note that 
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#7) 
Diy?) = 2p, 
22 2 
D°(p") = D(2pp,) = 2(~,)~ + 2yP, 


= 2(,)7 - (F ut2ry¥" 
(7.36) 
p3(y*) = D(2(p,)? - (2 ut2d)¥?) 


= 1YyVaoe ~ 3 UV - 205 BHIGY 
= -4(2 uthypy - = uy? - 2(F uta oy 
= -(4 ut8r)p,p - 5 uy? 
Consequently, it follows that 
(p? + 7 (Dut+uD)) 9? 
~ og wong - bog? + bags? + J eam 
= Bry, = -4dD( 9") (7.37) 


Thus we see that 


a. NS WIS, OX 
(D° + 3 (DutuD)) a(t) ~~? Bu(x,t) ea) 


Hence it follows that the Poisson bracket between the 2's 
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can be calculated and it satisfies 


00 Or: Or. 
= ee SS) aee 
{AyrA3t = J O® Sucx,ey ? Sucx,t) 
oO Py 
ee bathe ae eet oo 
" — th; ,Seigame cy (Ot sq (Pte 
0 Or: Or. 
zt Sj, al pt 
= a, Cs (D “+ 5 (Dutud)) Bu(x,t) Su(x,t) 
rA- OX ONG 
= - <= f dx D =—— 
ds aa Outx tb) edu(x7t) 
ds “wo Ou(x,t) du (x,t) 
Ay 
or, {Ages} = FS GAG) (7.39) 
4 


Therefore, if re # rs 


{Ay AAG} = 0 (7.40) 


Tf ry = Nae then the Poisson bracket, of course, vanishes by 
antisymmetry. This, therefore, shows that the infinite 
number of conserved quantities are also in involution and 
consequently, the KdV equation is integrable. Indeed, if we 
can find a Lax pair to represent a given equation, the 
equation would be integrable. 
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Kdv_ Equation and the Group SL(2;R): 


In this section, we will try to bring out another 


fascinating aspect of the KdV equation. Namely, we will 
derive the KdV equation from the structure equation of the 
Lie Group SL(2;R). Besides establishing the interesting 


connection between the integrable models and the symmetry 
groups, this discussion would provide a natural motivation 
for our later discussion of the method of zero curvature 
condition as well as the AKNS (Ablowitz-Kaup-Newell-Segur) 
method. However, to avoid any possible confusion, let us 
emphasize here that this derivation claims no direct 
connection between SL(2;R) and the possible symmetry group 
associated with the infinite number of conserved charges. 


Let us recall that the Lie Group SL(2;R) is defined by 
the group properties of the set of all 2X2 real matrices 
with determinant unity. The Lie algebra of the group 
consists of three hermitian generators a, with a = 1,2,3, 


which in a given basis satisfy the commutation relations 
(v_,T,.] = ico (7.41) 
a’“b ab'c 


where the structure constants, e. , take the values 


1 = 1 =. 
C53 = -°32 : 

2 aa el ye 
ci -Co1 2 ( ) 
c?, = -c?, = -2 
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We parenthetically remark here, for the interested reader, 
that the generators of the SL(2;R) subalgebra of the 
Virasoro algebra can be identified with 


1 

lp = 3 Ty 

Pinay? (7.43) 
L4= 773 


so that the product rule 


(LL) FB i(m-n)Liin mpne= Oped (7.44) 


follows from Eqs. (7.41) and (7.42). 


An element of a Lie group can be written in terms of the 
generators of the Lie algebra as 


g = exp(ie°r.) (7.45) 


In particular if the parameters 6* are functions of space 
and time, then the corresponding group elements would also 
be space-time dependent. Since we are interested in 1+1 
dimensional theories, we would assume a typical element, 
g(x,t)e SL(2;R), to be a space-time dependent matrix with 
determinant unity which can be represented in terms of the 
generators discussed earlier as 
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g(x,t) = exp(ie7(x,t)T,) 7.46 
' a (7.46) 
Note that g(x,t) would be a matrix whose dimensionality 
would depend on the dimensionality of the representation. 


Given a group element g(x,t) we can construct a 141 
dimensional matrix valued covariant vector A. as 


eas g *(x,t)8 g(x,t) - #2 = 0,1 (7.47) 
7 I 
where 
x? =t xt =x 
(7.48) 
8 Es 
8 * Bt 01 = 8x 


From the structure of Ay, in Eq. (7.47), we see that it must 
satisfy the equation 


BAY - BA, + [A AL] = 0 (7.49) 


This is known as the Cartan-Maurer equation or the structure 
equation since it can determine the structure constants of 
the group. In the language of gauge theories, we see that 
if we view A. as a gauge potential or a connection, then the 
Cartan-Maurer equation says that the field strength 
associated with this potential or the curvature associated 
with this connection vanishes. This, as we _ know, is 
synonymous with the statement that the potential is a pure 


gauge. 
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Let us note that the Cartan-Maurer connection is anti 


Hermitian and can be represented as 
conan 
Bile e) = wih (7.50) 


so that the structure equation (Eq. (7.49)) takes the form 


a a a b,c. 
OUAL - OAL - CHA VAL = 0 


pv = 0,1 a = 1,273) (Fesm) 


These are actually a set of three equations and let us study 
them for a special choice of the ay variables. Namely, let 


Al = v=x »<0 
(7.52) 
3. 
A] = 6 
Then for a=3, the structure equation gives 
i) 3 ly _ 
os 2(V=X Aj- 6A,) = 0 
1_ ¢v=X 23 1 3 
or, A, = (G7 AQ - Aa x) (7-53) 


Here and in what follows, a comma followed by a subscript 
denotes a derivative with respect to that variable. 
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Similarly, looking at the structure equation (7.51) for a=1, 
we obtain 


ot 
“AG x + (SAG- AGA = 0 
ee 1 .3,2 
ory ans Bh 2? s AO 
2. (v=x 33 1 3 ‘L322 
or, SA, eS — + AjAi) (7.54) 


Finally, for a=2, we see that the structure equation leads to 


2 2 Jinn? 2 
AD t ~ Ao,x + 2(ApAy - V-X Ag) = 0 
2 2 ie 2 

or, Aj 4 =A, - 2(AQA} - v-% Aj) 


Upon using Eqs. (7.53) and (7.54), this simplifies to 


— 
1,t 72 #0, xxx AD, Dar a 


a2 = - ac u(x,t) 
(7.56) 
AS = A(u(x,t)) 


then equation (7.55) takes the form 


uA + 2A, 
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(7.57) 


1 23> 
er, ue = 5 (D” + = (Dut+uD))A + 2DA 


This is precisely the equation we had obtained, namely, Eq. 
(6.71), in Lenard’s derivation of the KdV equation. Pro- 
ceeding exactly as before then, we not only can derive the 
whole hierarchy of the KdV equations but also the functional 
recursion relation between the conserved quantities. How- 
ever, the present derivation relates all of this to the 
structure equation for the Lie Group SL(2;R). 


Let us note next that the MKdV equation can also be 
obtained from the same Cartan-Maurer equation in the 
following way. Let us choose 


as = A ey 
V6 
(7.58) 
al = v= 


Here v(x,t) is the dynamical variable. Then the structure 
equation, Eq. (7.51), for a=1 gives 


sagt (age 
2 
or, (a%-a3) = -i ve (2) (7.59) 


The structure equation for a=2 gives 


KDV EQUATION AND THE GROUP SL(2;R) 
ai m pe ee | 2)... 
a v eee + ae VAj - V=x A5) 0 
ay ie A = 2(4 val —~ y=x A?) 


Similarly, the structure equation for a=3 leads to 


+ v, - AB x + 2(V=K Aj - + vad) = 0 
V6 uf V6 
Or, = Ve = ee - 2(V=x AS yes vA}) 


Subtracting Eq. (7.61) from Eq. (7.60), we obtain 


(az-a?) o 5a VAS + @U=K (a2 +a3) = 0 


2i 
2 1 2% 
or, (ag+Ao) i= vAj “ae (Ag-Ao) x 


Using Eq. (7.59), we then obtain from the above 


al 


: ee 
(dead), = 2& (vat), +E Pe, 


Similarly adding Eqs. (7.60) and (7.61) we get 


24 


= v2 (a2+a5) EON =e (a2-as) 


159 


(7.60) 


(7.61) 


(7.62) 


relation 


(7.63) 
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i 
3 A 
—— (VA9) x + ( - XX 
V—-6X IVE 
at 
- 2i v=6x (—2+%) 
al 
al 3 0,=x 
Bea hs ee (VAG) x b3 2V=K (a 
al 
Orx 
- 6V-x (-;4*) (7.64) 
If we now let 
a qt 22 
Ay = v-x (-44 + 5 v*) (7.65) 
then Eq. (7.64) takes the form 
v. =vivityv (7.66) 
< x xxx i 


This is , of course, the MKdV equation and is also obtained 
from the structure equation for the Group SL(2;R). This is 
not surprising since the KdV and the MKdV equations are 
related and hence can be traced to the same symmetry group. 
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CHAPTER 8 


MULTI-SOLITON SOLUTIONS 


In the earlier chapters, we showed that the KdV equation 
possesses soliton solutions. We discussed the general 
properties of soliton solutions and explicitly constructed 
the one soliton solution. In this chapter, we will describe 
how to construct the multi-soliton solutions of the KdV 
equation. This is normally done through the application of 
Backlund transformations which we describe next. 


Backlund Transformations: 


Backlund transformations originated in the study of 
surfaces of constant negative curvature. Roughly speaking 
they can be described as follows. Given a higher order 
differential equation in the variable u(x,t), namely, 


P(u(x,t)) = 0 (8.1) 


a Backlund transformation is a transformation to a new 
variable v(x,t) defined by a pair of first order equations 


| 


Bx £(u(x,t),v(x,t)) 


(8.2) 


dt g(u(x,t),v(x,t)) 
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where f and g depend on u, v and their derivatives in such a 
way that the higher order equation, namely, Eq. (8.1), 
arises as the integrability condition of the two first order 
equations. We will discuss Backlund transformations with 
examples. But let us just note here that a Backlund 
transformation may relate the solution of the original 
equation to that of another which is easier to solve. It 
may also relate one solution of the given equation to 
another which we may already know. It is in connection with 
the latter that the Backlund transformations first appeared 
and it is in that spirit that we will use Backlund 
transformations to construct multi-soliton solutions of the 
KdV equation. 


Examples: 


i) Liouville Equation: 


Let us consider the Liouville equation in 1+1 dimension. 
This is described as 


u(x,t) 


a2 
On apr) cad ane 
x 


where u(x,t) is the dynamical variable. For simplicity, let 
us make a transformation to the light cone variables defined 


by 


x =t+x (8.4) 


In these variables, the Liouville equation takes the form 
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8,0.u =e" (8.5) 


where we have defined 


5 
a, = = 
+ ax 
(8.6) 
iia 
Ox 


Let us next define the Backlund transformation, to the 
: + _- 
variable v(x ,x ), by 


al 


Q (u-v) 

Oa =Bovt ae (8.7) 
1 
= (utv) 

Oi =80 v + é e (8.8) 


where a is an arbitrary constant. Taking the derivative of 

Eq. (8.7) with respect to x and that of Eq. (8.8) with 
+ s 

respect to x , we obtain 


a = a 
6 bu= -Fdvtze (8_u-3 v) 


= -8 8,v + e” (8.9) 
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1 $ (ut+v) 
0 ues 5,5 v + 7? (8, utd ,v) 
= 8,8 v +e" (8.10) 


Thus the integrability conditions for equations (8.7) and 
(8.8) become 


A ae (8.11) 


B,8v=0 (8212) 


We recognize Eq. (8.11) as the Liouville equation whereas 
Eq. (8.12) is simply the wave equation whose solutions are 
well known. The Backlund transformation in this case, 
therefore, connects the solutions of the Liouville equation 
with those of the wave equation. 


To see exactly how the actual solution is obtained, let 
us note that the general solution of the wave equation takes 
the form 


v(x*, x7) = £(x") + g(x") (8.13) 


That is, it is a superposition of a left moving and a right 


movihg wave. Substituting this form into Eq. (8.7) we 
obtain 
5 (u-f-g) 


0, (utf) = ae (8.14) 
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- + 
Furthermore, noting that g(x ) does not depend on x , we can 
rewrite the above equation as 


a 
- > (utf-g) neigt 
Sas 8, (utt-g) = ae t(* ) (8.15) 
Integrating with respect to x* we obtain 
x + 
- 5 (utft-g) x fect Be 
«4 = - $ f dx’? e E(x" ) 4 a(x ) 
= = 
= aP(x ) + a(x ) m (8.16) 


Here we have introduced a constant of integration a(x ) and 
defined the negative one half of the integral on the right 
hand side to be P(x’). Similarly, we obtain from Eq. (8.8) 


1 
= (Perro) 
@_(u-g) = 2 e” 
- a 
x > (ung) 2 x 
or, e 8_(utfi-g) = 4 eI) 
ee 
or, e => 4 e 9 d+ bie: ) 
= 2 Q(x") + bex*) (8.17) 


Comparing Eqs. (8.16) and (8.17) we see that 
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a(x”) = 2 Q(x") 


(8.18) 
b(x*) = aP(x*) 
so that 
- = (ut+f-g) ' eEix") . 2 Om) 
or, ~- +} (u+f-g) = log(aP(x*) + 2 g(x")) 
or, u(x’, x) = -£(x*) + g(x) 
- 2log(aP(x*) + 2 Q¢x")) (8.19) 


The one parameter family of Backlund transformations of 
Eqs. (8.7) and (8.8), therefore, has generated a one 
parameter family of solutions of the Liouville equation from 
the solutions of the wave equation. 


ii) Sine-Gordon Equation: 


The Sine-Gordon equation is the oldest example of the 
study of Backlund transformations. Here the transfor- 
mation relates one solution of the equation to another. 
This model also exemplifies some of the other properties 
associated with the Backlund transformations. The equation 


is given by 
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op a a sin w (8.20) 
Ox 


which in terms of the light cone variables, described in 
Eqs. (8.4) and (8.6), becomes 


6,0 w = sinw (8.21) 


The Backlund transformations, in the present case, to the 
variable we ae), are defined by the pair of equations 


oy. lp 
Ow = 6,w, + 2a sin ( 5 ) ; (8.22) 
W.-W 
2 2 2 
6.w = -8.w, - = sin (>—) (8.23) 
where ais a constant. Differentiating Eq. (8.22) with 
respect to x , we obtain 
w, tw 
6 5,w = 8 8,w, + @ cos ( 3 ) B_ (w, +w) 
w, tw Ww, -wW 
= 6 8,w, - 2cos ( : ) sin ( 5 ) 
or, 8 dw 6_d,w, - (sin w,-sin w) (8.24) 


Similarly, differentiating Eq. (8.23) with respect to x’, we 
obtain 
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8,8 8 S aa 
bw = -8,8 wv, - ¢ cos (]—) 0, (u,-w) 


= -8,8 w, + 2cos eS) sin ca) 


or, 8,8 we -6,5_w, + (sin w,+sin wW) ' (8.25) 


The integrability conditions for Eqs. (8.22) and (8.23) then 
give 


6,0 w = sinw (8.26) 


3,5 _w, = sinw, (8.27) 


Thus we see that not only w, but w, also satisfies the Sine- 


Gordon equation so that in cris case, the Backlund 
transformations relate one solution of the Sine-Gordon 
equation to another. This is quite useful in constructing 
the solutions of the Sine-Gordon equation, in particular, 
since we know that w=0 is a_ solution. In that case, the 


Backlund transformations of Eqs. (8.22) and (8.23) become 


“1 

OW, = -2a sin 5 (8.28) 
WwW 
2 ani 1 

Ow, =- 4 §1ng (8.29) 


Let us define new variables 


x = ax” 5, = 4 8 (8.30) 


170 CHAP.8 MULTI-SOLITON SOLUTIONS 


x =i x 8 = aa (8.31) 


In terms of these, the equations (8.28) and (8.29) become 


~ F Wy 
Ow, = —-2sin = Bw, 
a+ ve 
Or, WwW, = W(x tx ) (8.32) 


To determine the form of the solution explicitly, let us 
note that 


Bal OF a 
Ow, = -2sin es -4sin 7 cos F 
so that 
24 W 
sec 7 Bw, = -4tan rr 
7) W 
or, 8,(tan z+) = -tan 7 (8.33) 


This earet ion can be readily integrated and recalling the 
form of Wy (x* x ) from Eq. (8.32), we see that 


C exp(-(x'+x)) 


Ww 
aL 
tan r 


6 exp(-(ax" + 2 x7), 
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Cc exp(-(t(a + 2) + x(a - 4)) 


c exp (- = (t(a2+1) + x(a7~1))) 


7 -2(t+vx 
C exp) _- (8-34) 
al 
where 
2 

a’-l 
v= 8.35 
at+1 sagan 


and C is a constant. Therefore, we have 


WwW, = atan”*{c me ae) (8.36) 


and we see that we have obtained a solution of the Sine- 
Gordon equation starting from the vacuum solution, w=0. 
Furthermore, let us note that, for v > 0, this is nothing 
other than a topological kink solution moving to the left 
which is more commonly known as an antikink solution. Kinks 
are topological soliton solutions and we see that the 
Backlund transformations give a way of generating these from 
the more trivial vacuum solutions. This process can be 
further carried out to generate more complicated solutions. 
Normally, constructing solutions through such a procedure 
would appear to be formidable if not for the fact that the 
Backlund transformations satisfy the theorem of 
permutability which simplifies life considerably. 
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Theorem of Permutability: 


According to the theorem of permutability, two 
successive Backlund transformations are commutative. More 
quantitatively, if two Backlund transformations with 
distinct parameters a, and a, map a solution Ww, to another 


solution w then their order is irrelevant. Namely, if 


Bl 


Wy : >) Ws : > W12 : (8.37) 
and 
=D “a 
Wy > Wy > Wo, (8.38) 
then 
Con Baw (8.39) 


If we now apply this theorem to the Sine-Gordon equation, we 
see from Eqs. (8.22) and (8.23) that 


: W, tw, 
0, (W,-W) = ~2a,sin ( 3 ) (8.40) 
W, tw 
= : le aoa t 
8, (W15-W,) = -2a,sin =, (8.41) 
’ WotWy 
8, (W2-Wy) = -2a,sin ( ; ) (8.42) 


Wipe 
8, (W,5-w,) = -2a,sin J (8.43) 
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Adding Eqs. (8.40) and (8.41) as well as Eqs. (8.42) and 
(8.43) and subtracting one from the other, we obtain 


2a, (sin(—9G—2) ~ ein(“8)) - 20, (ein(“!h 
- sin(-2.~°)) —- 
ory coe (MY acy (tao, 
- a,sin(—12 02"), nee 
or, a sin (22 o 21) a pein (—22~“o*2 1) Las 


Using the properties of the trigonometric functions, this 
can be further simplified to 


(ay-a,)ein(—2—®) cos (27-4) 
ain +apjen —9) sin(, =2) » 
a,ta W.-W 
or, tan(—2 aT: — tan( 4 2) (8.45) 
al 


In other words, the theorem of permutability allows one 
to construct a second order solution algebraically. 
Furthermore, this process can be carried out order by order 
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so that after construction of the first solution, we do not 
have to go through the complicated formalism of quadratures. 

The Backlund transformations are, therefore, of great 
help in constructing solutions. The difficulty lies, of 
course, in first finding a Backlund transformation. There 
exists a method, due to Clairin, to construct Backlund 
transformations systematically. However, it is not always 
simple and straightforward. 


Backlund Transformation for the Kdv Equation: 


We have already studied the Backlund transformations for 
the KdV equation without quite recognizing them. These are 
the Miura transformations or the Riccati relation. Let us 
recall from Eqs. (6.4) and (6.6) that the generalized Miura 
transformation 


u + 6 = v? + ivé ve 


leads to the generalized MKdV equation 


Vv, = (v?-6A)v, toy 


tc xxXxX 


These can indeed be taken as the defining relations for the 
Backlund transformations, if we rewrite them as 


nt 2 
Vv, = - — (ut6d-Vv" ) (8.46) 
me ve 
eee a a a ee 
ve 3V6 v6 v6 
a 5 U,V tie ay? eee (8.47) 
3 v6 
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Differentiating Eq. (8.46) with 


respect to t and using the 
Eq. (8.47) to simplify, we obtain 


1e> 


i I 
= — ts UHV te = = ALY 
VE c TD O,< 9 3 
- 8r2v + =e uv? - z uv? + é dv? (8.48) 
3V6 


Note that we are tacitly assuming that X is independent of 
space and time. We, of course, know that it is true since i 
is the eigenvalue of the Schrodinger equation. Another way 
to see this is to note that it is the parameter of a 
Galilean transformation. 


We can also differentiate Eq. (8.47) with respect to x 
and use the Eq. (8.46) to simplify. In this way we get 


al Dia Qi 1 
Vv. =-—u - — uu. + = AU. + = ULV 
xt JE xX 3 x ye %* $3 x* 
ee 9 ye Se (F nee 2 yy - $2 dv) (u+6d-v7) 
ave * vb 3V6 vb 


(8.49) 
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The integrability condition for the defining relations in 
Eqs. (8.46) and (8.47) follows from (8.48) and (8.49) and 
gives the KdV equation, namely, 


The evolution equation for v is one of the defining 
relations of the Backlund transformation and can be shown to 
be the MKdV equation upon eliminating u through Eq. (8.46). 


This, therefore, is an example of the Backlund 
transformation which connects a solution of the KdV equation 
to that of the MKdV equation. We can also ask whether there 
exists a Backlund transformation which relates one solution 
of the KdV equation to another. If such a transformation 
exists, it will be potentially quite useful since we could 
then in principle construct multi-soliton solutions starting 
from a single soliton solution which we have already worked 
out. The answer to the above question, surprisingly, is yes 
and the Backlund transformation, in this case, can be 
constructed as follows. 


Let us introduce a new variable w(x,t), defined by 


u(x,t) = Bue) 5 (8.50) 


The KdV equation in terms of the new variable becomes 


ne, 


Let us also note from Eq. 
of the MKdV equation 
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+ Ww 


2 
Wy XXX 


(8.51) 


(6.6) that if v(x,t) is a solution 


for a given value of X, then so is 


-v(x,t). Each of these solutions, of course, leads to a 
unique solution of the KdV equation. Denoting by u(x,t) and 
u(x,t), the solutions obtained from v(x,t) and -v(x,t) 
respectively, the relations (8.46) and (8.47) become 
v= — (u+6\-v") 
v6 
“Ve = . = (a+6d-v2) 
v6 
(8.52) 
YAH = Se i 2 4 24 ny + 244 2 
v6 3V6 v6 
+ 5 u,v + — uv’ ee ny 
3V6 v6 
ep ce ee Se a ee ee 
ba ve ~~ 3 ve vb 
a 3 u,v += av? ee dv? 
3V6 
From these relations we obtain 
Vv, 2-7 <u ) (8.53) 
2v6 
3 (uti) = aT (8.54) 
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i ~ i 2 ~2 
Vo = - — (u-u)L, - — (u%-u") (8.55) 
xx  4V6 


= 2V6 


Recalling now that u = WwW, and u = Wes we see that Eq. (8.53) 
leads to the identification 


= = Soe (8.56) 


Using this then Eqs. (8.54) and (8.55) define a Backlund 
transformation between the variables w and w in the form 


(wt) = -(12d + 25 (w-)”) (8.57) 


(w-0), = (W-H) oo + 5 (w=) (wad) (8.58) 


Let us note here some identities, following from Eq. 
(8.57), which would be quite useful in the analysis of the 
integrability of these relations. 


(W-W) (WW) 


ale 


(wt) = 


(8.59) 


(WH) crea =~ G (Ww) (Wid) poege =F (WHW) 5 (HB) 56 


Differentiating Eq. (8.57) with respect to t, we obtain 


(WH). = = (Wold) (WU), 


= = (W-W) (W-W) Z ss (w-W) (w-W) (WW) (8.60) 
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Using the identities from Eq. (8.59), this becomes 
(wrw) i. = (ON) cases Tom ate (8.61) 


Similarly, differentiating Eq. (8.58) with respect to x, we 
obtain 


(w=0) (W-) eee + 5 (WW) (wt), + F (wl) ) (WHO) 


xt - 


(WW) cre + Wage — Wallace (8.62) 


Thus the integrability conditions for the Backlund transfor- 
mations defined in Eqs. (8.57) and (8.58) become 


or, W. — 


and - (8.63) 
wo. = w + Wow 
xt xxXxxX x Xt 
OE ss we i: = i Z i 


Thus both w and w satisfy the same equation which as we see 
from Eq. (8.51) is nothing other than the Kdv equation in 
these variables. This set of Backlund transformations, 
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therefore, relates one solution of the KdV equation to 
another and hence has the potential for constructing new 


solutions of the system. 


Soliton Solutions: 


Since we know that w=0 is the trivial solution of the 
KdV equation, let us ask whether the Backlund transfor- 
mations can lead to any interesting solution in such a case. 
For w=0, the Backlund transformations of Eqs. (8.57) and 
(8.58) reduce to 


~ a2 
W, = -12\ - 5 w (8.64) 
~ Pa ~ A ~2 
Ww, = wW + a Wy (8.65) 


The second equation is identical to Eq. (8.63) and, in this 
case, is simply the statement that w is a solution of the 
KdV equation. However, let us note from Eq. (8.64) that 


1 ~ 
+ 36 WY wy, (8.66) 


Hence the evolution equation, Eq. (8.65), in this case takes 
the form 


a ee 1 eee p24 Lee lowe 
We = Wx FM = - GY + FEM Uy + FY 
eee? 4 1 ee eee 1 42 
3% + 3g Wu, = 5 uw, (w, + Tw) 
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which upon using Eq. (8.64) becomes 
eb = -4 ru, (8.67) 


Thus the solution obtained from the trivial vacuum solution 
through the Backlund transformation corresponds to a 
travelling wave travelling with the speed (compare with Eq. 
(i734) ) 


c = -4) (8.68) 


Furthermore, if we recall that the eigenvalue of the 
Schrodinger equation, namely \, for the bound states takes 
negative values, then such a wave moves to the left. We 
readily recognize this as the single soliton solution. In 
fact, if we choose 


w(x,t) 12V-X tanh V-X (x-4\t) (8.69) 


so that 


u(x,t) = w,(x,t) = -12d sech? V=k (x-4dt) (8.70) 


then we see that Eqs. (8.64), (8.65) and (8.67) are 
completely satisfied. But this is precisely the soliton 
solution (see Eqs. (4.34) and (4.49)) we had constructed 
earlier. This is indeed encouraging since it suggests that 
the multi-soliton solutions can possibly be constructed by 
successive application of the Backlund transformations. 
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We have seen earlier in connection with the Sine-Gordon 
equation that the theorem of permutability plays an 
important role in constructing higher order solutions 
through Backlund transformations. Let us examine what this 
theorem says in the present case. Let us suppose 


1 
Oe , ? ies ee 


»s dy 


i === Wo o————— Wo4 


Then, of course, the theorem of permutability requires 


Quantitatively, from the Backlund transformations, in Eqs. 
(8.57), then, we obtain 


1 2 ) 
(wtw,), = -12A, - +5 (w-w,) (8.71) 
(We to) ate) AE age  = (8.72) 
1 32) x 2 ~ i2 (41712 : 
1 
(wwe), = -12d, - (w-w,)? (8.73) 
(wt) = -12. ~ = (ota ye (8.74) 
2712) x 1 ~ 12 ‘2-H : 


Subtracting Eq. (8.71) from Eq. (8.72) and Eq. (8.73) from 
Eq. (8.74) and then the result of one from the other we 
obtain 


SOLITON SOLUTIONS Be 183 
1 _ 2 ; 2 2 
Ty L(w-w, )°- (ww, 9) °- (w-wy) +(Wy-W, )7] = 24(r9-d)) 
or, (W - W,5)(W + W,,- 2W,- W -W,5+ 2W.) = 288(d,-d,) 


144(d,-d,) 
12 ~ 4 ~ “(wy=wy) Ps. 


Note that this expression is symmetric under interchange of 


the 1 and 2 indices as the permutability theorem would 
require and that 


Ow, 5 (x,t) 
ieeet) = =a (8.76) 


The theorem of permutability allows construction of the 
higher order solutions algebraically at every given order. 
Thus the general expression for the solution at the nth step 
can be written as 


144(A,-d, 1) 


. ne (or) 
# (n-1)"“(n-1) 
where 


= = WwW 
(i) “tk, 7k,-+ ky) Laem 


(8.78) 


Bom 7 “pe ae « 


‘ Le) 2 serene 


and 
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Weg) = w (8.79) 


For example, 


144K Sy 
eee (8.80) 
Giss-i2 


and since we know the form of the 2nd step solutions from 
Eq. (8.75), namely, 


Ae 144(d5-),) 
12 W5—W, 
(8.81) 
ie 
13 (w3-w, ) 


we can determine explicitly the form of W193 in terms of the 
lst step solutions to be 


vedere Dy (Wa Ws) tAQWo (WW) FAW (Wy -W) 


123 Ay (Wa-W3) tr, (W3-W, )+A4 (W, -Wo) 


The permutation symmetry of this solution in the indices 1, 
2 and 3 is manifest. 


We have already seen that if 
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then at least the first order (step) solutions correspond to 
single soliton solutions. The regular solutions for the 
soliton equation, as we have seen in Eq. (8.69), take the 
form 


w(x,t) = 12V-X tanh v-X (x-4\t) 


But a singular solution also satisfies the same equation, 
namely, 


w*(x,t) = 12V=X coth v-X (x-4\t) (8.83) 
also satisfies Eq. (8.64) in that 


. 12> il dd ; 
Ww, =- = io # nat (8.84) 


It turns out that to obtain regular solutions through the 
application of Backlund transformations, we do not always 
have to use regular solutions in the intermediate steps. 
This is easily seen in the 2nd step solution obtained from 
the vacuum, namely, if we choose 


144(d.-,) 
=. ce rakes (8.85) 


then the denominator never vanishes and hence the solution 
is regular. In fact, let us note that because the NUSmace 
negative, our ordering says that while »y can vanish, rs 
will not. In the limit >, = 0 
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144), 
be 


sc: ie catia 


= 12V-x, tanh V-x5 (x-45¢) = W (8.86) 


This is, of course, regular. It is also clear that had we 
used the regular solution We in the intermediate step, this 
limit would have led to a singular solution. Thus we see 
that to obtain regular solutions, not only do we have to use 
singular solutions in the intermediate steps, but that we 
must also order the parameters of the transformations in 
some specific way. 


Next we will analyze the asymptotic behavior of the 2nd 
step solution obtained from the vacuum. And to simplify our 
task, we will write 


Ww, = 12v-h, tanh €, 
(8.87) 
We = 12V-K, tanh Eo 
where 
oi = v-ky (x-4),t) 
(8.88) 
Sng ay (x-4d,t) 
Let us further introduce the notation 
eal 
Cankey =: ———— (8.89) 
V-X5 
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From the form 


144(,-,) 


“Ve * 
a Taal 
we see that as > > +00 
ie. => #12V-x, cothy + 12V-X, tanh (€,79) (8.90) 
Similarly, as €, > 20 
Wig ——> #12v=xZ tanhy + 12V=K> tanh (€,74) (8.91) 
Thus we see that 
= 2 = 
Wi2 = 12% ie 2 - 12d,sech” (€, +7) 
id r 
(8.92) 
> - 12,sech? (£4) 
|€, 17 


This shows that u is indeed a pure two soliton solution 


U7 

with asymptotic phases —1— and —— respectively. This 
aie wna 

result is quite significant since it tells us that starting 

with the vacuum solution, we can construct the multi-soliton 


solutions through repeated application of the Backlund 
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transformations, increasing the soliton number by unity at 
each successive step. That this is true can actually be 


checked recursively. 
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CHAPTER 9 


GEOMETRICAL APPROACH TO INTEGRABLE MODELS 


So far we have studied many distinctly fascinating 
aspects of integrable models. However, most of these 
concepts appear to be quite disjoint. For example, it is 
not yet clear whether the existence of a dual Poisson 
bracket structure in such models is in any way responsible 
for the existence of the Lax operators. Secondly, we do not 
understand whether there exists any direct relation between 
the conserved quantities and the Lax operators or why 
functional recursion relations exist between the conserved 
quantities. A geometrical approach to the _ study of the 
integrable models unifies some of these concepts and hence 
clarifies some of our questions. In this section, we would 
undertake such a study. However, for simplicity we would 
restrict ourselves to the study of a finite dimensional 
system. This also allows us to introduce a finite 
dimensional integrable system, namely, the Toda lattice. 


Symplectic Geometry: 


Let us recapitulate the basic elements of the phase 
space geometry which is meaningful for a Hamiltonian system. 
We have said earlier in Chapter 1 that the geometry of the 
phase space is a symplectic geometry. 


Formally, a symplectic manifold M is defined to be a 
manifold with a preferred two form which is nondegenerate 
and is closed. The properties of the manifold follow from 


this definition. 
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For example, let us recall that a two form, f € M, is 


said to be nondegenerate if for every vector field V € M and 
a fixed vector field W é€ M, 


£(V,W) = 0 (9.1) 


implies that 


w=0 (9.2) 


Let us assume that the finite dimensional manifold M is 
spanned by general coordinates y’. In this basis then, we 
can write 


8 


w= wed. Wl : 
ay 8, (9.3) 


1 
£= 5 f(yidy” A day” 


Furthermore, using the normalization 


(ay", d,) = ov (9.4) 


the contraction of the two form f with the vector fields Vv 
and W is seen to give 
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£(V,W) = i (9.5) 


The conditions for nondegeneracy, namely Eqs. (9.1) and 
(9.2), then simply imply that the antisymmetric coefficient 
matrix fu(Y) is nonsingular. For this to be true, the 
coefficient matrix and hence the manifold M must be even 
dimensional. Thus a symplectic manifold is by definition 
even dimensional. 


Furthermore, since fuv'Y) is nonsingular, let flV iy) be 
its inverse satisfying 


AV = 5Y . VY ; 
furl) Eeenty) on £ (y)£),(¥) (9.6) 


The inverse, £H¥ iy), allows us to define a bracket between 
two scalar functions on the manifold as 


(p(y) a(y)} = £°(y)8 ply)d,acy) (9.7) 
Here we have used oF = is and the summation convention over 
oy ail 
repeated indices. This bracket is by definition 


antisymmetric since f¥Y’ is, namely, 


{p(y),a(y)} = £9 pd, a 


74 ee ? 
= -£'' 3 qd .p = idiy)yp(y)) Carey 


fHY iy) also allows us to construct a very special class of 


192 CHAP.9 GEOMETRICAL APPROACH TO INTEGRABLE MODELS 


vector fields, known as the Hamiltonian vector fields, from 
given scalar functions as 


x= £PY8 p a, (9.9) 


so that in terms of these vector fields, we can write 


(p(y), ayo = ~£(X, XQ) (9.10) 


where the right hand side denotes the natural product of the 


two form f with the two Hamiltonian vector fields X_ and ee 
We can also calculate the contraction of the three form df 


with three arbitrary Hamiltonian vector fields Xyr X_ and xX. 


q 
in the following way. 


a x x 
dE (XX QrX_) = 8, £(X,,/X,) (dy X) + 8, £(X,/X,) (dy X,) 


+ 8, £(X_/X)) (dy*,X,) 


pV 
f (8, £ (XX gr - 8 £ (Xq/X_) 8p 


+ 8, £ (XX) 8,4) 


Using Eq. (9.10) then, we obtain 


GE (XXX) = {Peart} - {ae{r/P}} - {r,{P,qt} (9.11) 


Thus if the two form f is closed, namely, if 
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df = 0 (9.12) 


then the Jacobi identity associated with the bracket is 
satisfied and, consequently, the bracket in Eq. (9.7) can be 
identified with the Poisson bracket of the functions p(y) 
and q(y).- A symplectic manifold, therefore, has a natural 
Poisson bracket structure defined in terms of the inverse of 
the symplectic structure fiw): 

Note that the tensors tuv'¥) and fh’ iy) can be thought 
of as the components of the covariant and contravariant 
metric tensors of the symplectic manifold. This, of course, 
follows from the fact that a two form maps two vector fields 
into the reals. That is, 


f: VXV——-R E (9.13) 


That fu Y) and f¥ iy) indeed transform like the components 
of a second rank tensor can also be directly verified as 
follows. Let us note from Eq. (9.7) that 


ty#,y"} = £PY(y) (9.14) 
Under a diffeomorphism 

y4 + yA iy) 

f(y) omer (Y) inal 


such that 
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ty") = FP (y) (9.16) 


Using (9.7), on the other hand, we obtain 
EMMY) = qyH,y¥y = 2 Py) a, yo YY 


s ta ye all 
or, M(x) = £Piy) See ' - (9.17) 


This is indeed the transformation law for the components of 
a second rank contravariant tensor. The transformation law 
for EY) follows since it is the inverse of gf? i 7). 

Let us note here that fl) and £hY iy) are known as the 
covariant and contravariant components of the symplectic 


metric of the manifold. Note that such a metric tensor is 
antisymmetric as opposed to the metric tensor of a 
Riemannian manifold which is symmetric. The symplectic 


metric cannot, therefore, be used to define lengths. But 
fh iy) and EY) can still be used to raise or lower 


indices. Thus for example, the contragradient of a scalar 
function is given by 


aMpcy) = £P¥y)a pry) (9.18) 


which we recognize as the components of the Hamiltonian 


field xy defined in Eq. (9.9) up to asign. In fact, note 
that the above relation implies that 


= da Vd = Vv, be = j = - 
meee Ope ay £wiv)e'p dy Se £(X,++) 
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where iy is the standard contraction operation. This 


indeed brings out the very special nature of the Hamiltonian 
vector fields, namely, they generate isometries of a 
symplectic manifold. This can be checked by recalling that 
the Lie derivative Ly with respect to a vector field X can 
be written as 


Tepe Suneiche ind. _ (9.20) 


from which it follows that 


mee = — + dei, £ = d(dp) = 0 (9.21) 


Here the first term vanishes by Eq. (9.12) because the two 
form f is closed. Thus we see that the flow generated by 
the Hamiltonian vector fields leaves the symplectic metric 
form invariant. Conversely, a transformation which leaves 
the symplectic metric form invariant is called a symplectic 
diffeomorphism and is generated by a Hamiltonian vector 
field. (These are generalizations of the canonical 
transformations which leave the canonical Poisson bracket 
relations invariant.) Note that for a Hamiltonian vector 
field x_, the flow is given by the Hamilton’s equation with 
p(y) playing the role of the Hamiltonian, namely, 


y4 = ty#,pcy)} = £%O pry) (9.22) 


Let us note here that EY) and fhY (y) are in general 
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functions of the coordinates y". However, if for a system 
there exist global coordinates such that Eu) and fhM iy) 
take the form (in terms of NXN blocks when p,v = 1,2...2N) 


Ey (a (9-23) 


then such coordinates are called canonical coordinates and 
the phase space, the canonical phase space. In general, 
however, if the system cannot be described by global 
canonical coordinates, then fw and £4” would be coordinate 
dependent. Darboux’s theorem, in such a case, guarantees 
that we can at least choose a local coordinate basis in 
which the symplectic metric takes the canonical form of Eq. 
(9523). 


Integrabel Models: 


The properties described above hold for any symplectic 
manifold. The phase space of an integrable model, on the 
other hand, must correspond to a very special symplectic 
manifold since among other things it possesses at least a 
dual Poisson bracket structure. To study the properties of 
such a manifold, let us assume that it possesses at least 
two distinct two forms which are both nondegenerate and 
closed. Each two form would give rise to its own Poisson 
bracket thereby leading to the dual Poisson bracket 
structure. Let us note that while the differential 
geometric language allows a compact description, in what 
follows, we would work out formulae in tensorial components 
for clarity. 
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One way of expressing the existence of two distinct 
symplectic structures is to require that the same dynamical 
equation be described by two’ distinct first order 
Lagrangians. For example, let us assume that 


0 Y = 
Lg = OL) (yyy# - Ho(y) ~ (9.24) 
and 
L = 6.(y)y" - Hy) ; (9.25) 
“fs dy ; r 
where ~ = 1,2,....2N and y’ = at! describe the same Hamil- 
tonian equations. The Euler-Lagrange equations following 


from Eqs. (9.24) and (9.25) are 


eee = ORG) 


(9.26) 
“Vv 
Eig Y= ey) 
where 
= (0) - (0) 
eee) oe ty) 
(9.27) 


Fiyl¥) = 8,0,(¥) - 09, (¥) 


Clearly, then, the two forms 
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eve HK ay” 
if 5 f p(Y)ey A dy 


(9.28) 


F=3F (y)dy’ A dy” 


pv 


are closed since f 2 and Puy automatically satisfy the 


Bianchi identity 


Bt yt Bf + Fs a 
(9.29) 
OF t Aye, eee 5 


Furthermore, they must also be nondegenerate since the two 
equations in Eq. (9.26) describe the same dynamical system. 
Consequently, EY) and F wy) are the two distinct 
symplectic structures associated with the dynamical system. 
Let their inverses be fhY iy) and FHV iy) respectively so that 


Ur» Ur» » 
Euvyl¥)t CY ).o FuvlY)F (Y)c= 6 


‘ (9.30) 


Each of the contravariant tensors gives rise to a definition 
of the Poisson bracket structure as 


{P(Y) GY) hg = £°%(y)8p(y)8,a(y) 


(9.31) 
(p(y) a(y)} = FEY (y)8 p(y) 8, acy) 


so that the two equations in Eq. (9.26) take the Hamiltonian 
form 
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yr = ty Hor, = YY y)d Holy) 


(9.32) 


yh = ty¥ ay = FAY (y)8 H(y) 


Furthermore, since the two equations of (9.32) describe the 
same dynamical system, we have 


ey) 8 Holy) = FMY(yya my) (9.33) 


This is, of course, the prototype of the recursion relation 
that we have seen among the conserved quantities of the Kdv 
system in Eq. (3.58). 

Given two distinct symplectic metric structures on the 
manifold we can construct a nontrivial (1,1) tensor 
naturally as 


pV 


pO =e ee (y) (9.34) 


Su 
(The inverse Pa is also a natural (1,1) tensor but 
considering one is sufficient for our purposes.) It is 
clear that although Darboux’s theorem allows one of the 
symplectic metric structures to take the canonical form 
locally, Ss ey) would always have a nontrivial coordinate 


dependence. 


Let us also note from Eq. (9.32) that since 


a ee , 9.35 
0H (Y) ty ( ) 
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consistency of this equation would require 


0 = BB Holy) - 8,8,Ho(y) 
= 8,(f vy) - a,(é pa?) 
= (Bf, +8,£),)¥ + £8, : £2 
= -8,£,,Y - Bf), + Oy, 
— = pty, (yout Uy Ny) fy plY) 
or, ede) - WE, AY) +E > wade moe) (9.36) 


Here we have used the fact that the f tensor satisfies the 


Bianchi identity given in Eq. (9.29) and we have defined a 
new quantity 


ze Vv _ Vr i Ur» 

(y) = BLY = 8,,(¢ 8, Ho (y)) = 8 ,(F 8,H(y)) (9.37) 
Similarly, from Eq. (9.32), requiring the consistency 
relation 

8,8,H(¥) = 8,8 ,H(y) = 0 (9.38) 


would lead to an equation 
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aa abe (9.39) 


involving the same ae tensor. 


It is worth pointing out here that f p(y) and F ply) are 
two distinct symplectic structures on the manifold and that 
the two Hamiltonians Hy(y) and H(y) generate their own 
flows. As we have seen before, Hamiltonian flows leave the 
symplectic structures form invariant and Eqs. (9.36) and 
(9.39) are merely statements of this fact. 


The corresponding equations for the inverses fhY iy) and 
FHV y) follow from (9.36) and (9.39) and have the form 


ath’ (y) = fA, VY _ gM, 
ac £r"'U), fv), 


(9.40) 


aFHY bes re V Vr,, pb 
eed = FH OU, ieer US 


But more interesting is the equation for the (1,1) tensor 
s cae Let us note that since S Sy) is constructed from 
a which remain form invariant under a Hamiltonian 
flow, it must also remain form invariant. Indeed, from its 
definition, and the equations (9.36), (9.39) and (9.40), we 
obtain 


Xr V X Vv 
= ar (Y)U," (Y) - UL (Y)S," (y) (9.41) 
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We can also write it in an obvious matrix notation as 


S$) = scy) W(y)] (9.42) 


We recognize Eq. (9.42) as a Lax equation (compare this 
with Eq. (6.23)) and in particular if S(y) is linear in y, 
then clearly Eq. (9.42) gives a Lax representation of the 
original dynamical equations. Thus we see that the 
geometrical approach has given a systematic way of 
constructing the Lax operators starting from the dual 
Poisson bracket structure and the equation of motion. 
Furthermore, we also understand, geometrically, that the Lax 
equation is merely a statement of the form invariance of the 


natural (1,1) tensor on such a manifold under Hamiltonian 
flows. 


The consequences following from the Lax equation in Eq. 
(9.42) are indeed profound. For example, let us define a 
set of quantities 


=i n is 
K, = 3, Irs n Alyce Diewevewe 
(9.43) 
Ky log|dets} 
Then, from the identity 
ds 
Tr(P(S) ac) = Tr(P(S)[S,0]) = 0 (9.44) 


it follows that 
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at ~ ° . ve (9.45) 


Therefore, all the quantities, Kn , constructed above would 
be automatically conserved under the evolution of the 
dynamical system. 


However, not all such quantities can be functionally 
independent. In fact, let us note that since S is a 2NX2N 
matrix, it follows that all Kn with n 2 2N+1 as well as all 
(dets)"K_| for n21 can be expressed as polynomials of 
K,/K5----K5y- Furthermore, not all of Ki K++ + Kon 
be functionally independent since that would overconstrain 


can also 


the phase space and lead to no dynamics of the system. For 
integrability, we need only N functionally independent 
conserved quantities. Let us, therefore, assume that there 
are exactly N such quantities in the above set. But 
integrability further requires that these conserved 
quantities must also be in involution. It is not clear that 
this can be proved with the amount of information we have. 


To prove involution, we look for additional structures 
on the symplectic manifold. Let us note that given a (1,1) 
tensor on the manifold, one can construct a natural (1,2) 


tensor as follows. 


pe be 
wie 7 “Ga 


r r i ee r_ » : 


That this is a tensor can be readily checked by replacing 
the ordinary derivatives with covariant derivatives with an 
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arbitrary connection and showing that the connection terms 
indeed vanish. This tensor is known as_ the Nijenhuis 
torsion tensor and is widely studied in connection with 
complex manifolds. Let us simply note that it is quite 
analogous to the spin torsion tensor in an ordinary 
Riemannian manifold. 


Since we know the time evolution of S$ m, we can use 
Eq. (9.42) to derive the time evolution of the Nijenhuis 
torsion tensor of the manifold and it takes the form 


an’ 
OB _~ AGh Aye » 
ae Uy Ng t+ Ug Ny + vMNo 6 (9.47) 


This is again a statement of the fact that the Nijenhuis 
torsion tensor is form invariant under a Hamiltonian flow 


and, consequently, a vanishing torsion stays zero for all 
times. 


This is quite interesting, for if we look at the 
definition, Eq. (9.46), of the Nijenhuis tensor, we see that 


wh (so?) P 54° (8,8¢4)(s"-7),P 2 (s") a, 8,4 


= (8), P(a486°-2,5, ) 


X By) »en-1 n x 
Sy (8,5, Jas Me =5(S 70,8 5 
ee aS 1 n+1 
= Sy 6, Trs Th 6trs 
# sh-1) Bag ® 
or, Nog(S”), S, 9K, - Oakeen ¥ on (9.48) 
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Consequently, if the Nijenhuis torsion tensor vanishes we 
see that 


Xr 
Sa 6K, * Ook n+1 


BV = FHY a 
or, = OK, F OXn+1 “— (9.49) 


Therefore, we see that the vanishing Nijenhuis torsion 
tensor leads to a recursion relation between the conserved 
quantities, reminiscent of the recursion relation obtained 


in Eq. (9.33) The proof of involution is quite simple now. 
Namely, 


{RyeKato = “ve Km Kn 
= FHY% en Xn+1 
= hv 
- OK 19Xn+1 
Or, War, Yes “Merlo (9.50) 


Assuming m>n, if we iterate this (m-n) times, this leads 
to 


{KieKiko = {KyeKyho = 0 ¥ m,n (9.51) 


Similarly we can also show that the conserved quantities are 
in involution with respect to the second Poisson bracket 
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structure, namely, 


{KK} = 0 ¥m,n (9.52) 


This, therefore, shows that the vanishing of the 
Nijenhuis torsion tensor ensures integrability. Let us 
emphasize here that the vanishing of the Nijenhuis torsion 
tensor also plays a significant role in the study of the 
complex manifolds. But our Sn (¥) is not an almost complex 
structure because 


sg? £ -1 (9.53) 


In fact, such a condition would render our analysis 
uninteresting. 


Let us note that since all of the K,’s are conserved and 


are in involution, they can be thought of as generating 
their own Hamiltonian flows given by 


dy" 


at. 7 (Kyo = (Y/Ryy 1} (9.54) 
Equivalently, 

dy" _ sly x = ply 9.55 

dt. vn Xn+i (2 22) 


These flows would commute among themselves and would 
correspond to the higher order equations of the hierarchy. 
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Furthermore, we can also find the Lax equation for the 
higher order equations as well and they have the form 


as 
date ip [S,U,] (9.56) 
where 
VU» Ur 
oy, = 8 u(t 8)K K,) = 8 ae 8, K 41) (9.57) 


Thus we understand the higher order Lax equations as 
representing the form invariance of S Vly) under the higher 
order Hamiltonian flows. Furthermore, all of these higher 
order equations share the same conserved quantities and 
hence are also integrable. 


In this section, we have tried to unify some of the 
seemingly different aspects of integrable models froma 
geometrical approach and have also tried to clarify some of 
the questions raised in the beginning of this chapter. 
Before applying these results to a systematic study of a new 
system, namely, the Toda lattice, let us see how all of this 
works for the familiar KdV example. 


Example: Geometrical Approach to KdV 


Here we will only derive the Lax equation following our 
discussion above. Let us note that the Kdv is a continuum 
model and hence our formulae derived earlier need to be 
generalized with care. Formally, the two Poisson structures 


of the KdV equation are given by 
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peep 
(9.58) 


g4V 4 y= Dp? + ~ (Du+uD) 


Their structures can be understood by going to the 
coordinate basis where 


F(x,y) = <ylDIx> = & 6(x-y) 
(9.59) 
£(x,y) = <yIMIx> 


Wt 
a 
° 


5+ (& wx) + w(x) 32))8(x-y) 


It is clear now that with appropriate boundary conditions, 
we can write 


Fol (x,y) = <y|D7)|x> = €(x-y) (9.60) 


where the alternating step function is defined as in Eq. 
(1.59) to be 


e(x-y) = (O(x-y) - 5) = -e(y-x) (9.61) 
so that 
ee a 6(x-y) = ie (9.62) 
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and 


00 oo 
f d2P(x,2)F* (21) = f dzF~!(x,z)F(z,y) (9.63) 
os —0 
= 5(x-y) 


-1 
£ “(x,y), on the other hand, cannot be expressed in a closed 
form. 


It is obvious that in the present case the Poisson 
structures are operators and hence "S Vu needs to be defined 
carefully. A simple and careful choice turns out to be 


w 
S(x,y) = f dzF-)(x,z)£(z,y) 
—00 


which in the operator language takes the form 


1 


S = MD (p> + 5 (DutuD))p~* 


a = u + + (Du)p~? (9.64) 


This is the Lax operator following from our earlier 
discussion of Eq. (9.42). We note that it is linear in the 
KdV variable u, but is nonlocal because of the p-} term. If 
we restrict it to be local, then we obtain the more familiar 
Lax operator of Eq. (6.27) but with a different coefficient 


of the potential term. Let us, however, continue without 


any such restriction. 


210 CHAP,9 GEOMETRICAL APPROACH TO INTEGRABLE MODELS 


The KdV equation can be formally written as (see Eq. 
(7.1)) 


u = K(u) = (Du) + u(Du) (9.65) 


so that the second Lax operator, following our earlier 
discussion in Eq. (9.37), is obtained to be 


_ Su _ dK(u) _ 73 
u = ge mw SEM) = DD? + Du (9.66) 


Now the Lax equation 


Ls] 
a5 (x+¥) = f az (sx,z)U(z,y)-U(x,z)S(z,y)) (9.67) 


takes the operator form 


= [U,S} (9.68) 


We can calculate 


su = (p? + Zu+ 1 (Du)D~*) (D3+Du) 


= D> + p?u + 5 uD? + 5 uDu 


+ 
oe) 


(Du)D* + 2 u(Du) 


(9.69) 
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US = (D*+Du)(D? + 


wiry 


u + % (Duyp-*) 


p?(pu)yp7! + pup? + 2 pu2 


e) 


Du(Du)D~! 


wile 


The Lax equation, therefore, upon simplification gives 


ds 
ae = (U,8] 


or, ‘ — 3 (Du)p7! = £ ((D9u)+u(Du)) 
+ & (p((D?u)+u(Du)))D-? 


Thus comparing the terms on both sides of the equation, we 
obtain 


u = (D°u) + u(Du) (9.70) 


which is the KdV equation. Thus we see that with a little 
care, the geometrical approach extends easily to the 
continuum models also. 
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CHAPTER 10 


THE TODA LATTICE 


The main example we have studied so far, namely, the 
Korteweg-de Vries equation, is a continuum model. In many 
respects, a finite dimensional system with a finite number 
of degrees of freedom is simpler to study. And furthermore, 
since the geometrical approach to integrable models, which 
we presented in the last chapter, was primarily described 
for a finite dimensional system, study of such a system 
seems appropriate at this point. The Toda lattice is such a 
system and in this chapter we will study this system and its 
integrability from a geometrical point of view deferring a 
group theoretical treatment till the next chapter. 


The Toda Equation: 


The Toda lattice is a finite dimensional system and 
describes the motion of N point masses on the line under the 
influence of an exponential interaction. The Hamiltonian 
equation in terms of the canonical coordinates Q; and 
momenta P; (i=1,2,....+,N) are given by 


G3 = ary Beings De A | 
P = eae g=1" - ei) j 2,3, <p NKL 
j 
e — Q -Q 
Pi =--e ( 2 1) oa 
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It is clear that the evolution equations for the momenta are 
not quite symmetrical. However, we can cast the equations 
into a more symmetrical form by enlarging the system to 
consist of N+2 point masses with the end points held fixed 
at spatial infinity, namely, if we define 


Cy 
(20.25 
One. = 


then the Hamiltonian equations in (10.1) take the more 
symmetrical form 


(10.3) 


: -(Q;-0;.,) =(@;,,-@;) 
ee ee 1 = gee 


In what follows, we would assume the boundary conditions of 
Eq. (10.2) and the more symmetrical form of the Toda 
equations given above. Let us also note here that the 
canonical coordinates can simply be thought of as a 
particular choice of the more generalized coordinates, ven 
of the phase space discussed earlier such that 


(10.4) 


= Pe i. = 19255. N 
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Dual Poisson Bracket Structure: 


The next step in the geometrical approach consists of 
finding two inequivalent Lagrangians which give Eq. (10.3) 
as their Euler-Lagrange equations. The canonical first 
order Lagrangian is easily obtained to be 


2N 


= OO) py yee 
Lo by er (y)igee AaGy) 
N 1 ° . 
= pls 5 (P;Q;-Q;P;) - H,(Q,P) (10.5) 
where 
N -(0;45-2;) 
far) =", (ese (10.6) 
NS 


Note that we have introduced in this chapter the explicit 
summation to avoid any possible confusion. The symplectic 
structure in the present case can be worked out simply and 
takes the matrix form in terms of NXN blocks as 


0 
eS rey et. o| ae 
P= 8,0) ) ~ OH, ty) = |=) Gem 


This is indeed the canonical symplectic structure of Eq. 
(9.23) which gives the canonical symplectic form of the 


manifold, namely, 
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2N 
) _ -£,, 0rravenay? 
p,v=l las 


|e 


N 
ere 


dQ. AdP, (10.8) 
i=l = aaa 


The canonical Poisson bracket structure fH iy) is obtained 
from Eq. (10.7) as the inverse so that 


0 I 
fPY iy) = Ge | aD) (10.9) 


A second Lagrangian whose Euler-Lagrange equations also 
give the same equations as those of Eq. (10.3) can be 
determined after some work to be 


2N ‘ 
L= } 6, (yyy¥" - H(y) 
yal 


XN -(Q;,,-Q;).. . 
- Lge? bi len & 
7 ea i Jo; + m;(P)P;} - H(Q,P) (10.10) 


where 
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Here we have also used the alternating function defined to 
be 


e(i-j) = } 0 if i=j fl, 1.90) 
j 


A direct verification of the fact that the Euler- 
Lagrange equations following from Eq. (10.10) coincide with 
those of Eq. (10.3) is rather tedious but straightforward. 
One could also check this indirectly as follows. We can 
calculate the symplectic structure associated with the 
Lagrangian of Eq. (10.10) which takes the matrix form in 
terms of NXN blocks as 


A -B 
= (- - | - -) . (10.13) 
B 6 ; 
where the block matrices have the explicit form 


Mee, - Oe Ac, 


a ple. é (10.14) 
P 534 


The symplectic form then follows to be 
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2N 
) Foy) dy4Aay” 
Bb, v= Be 


| 
u 
N]e 


a PS es 
= b [e do;AdQ; 4, - P, dQ; AdP, | 


* 3 ) €(j-i)dP;AdP,, (10.15) 
i,je1 


Let us next define the (1,1) tensor 


N 


2 

V AV 
S = F £ 
wine he ur (Yt""(y) 

which takes the matrix form 
B A 

Vv 
Spc= (- - | 2 (10.16) 
ee i B ) 


We recognize from our discussion of Eq. (9.26) that the 
Euler-Lagrange equations following from Eq. (10.5) and 
(10.10) would be the same if 


2N 2N 
FYYy)8 H(y) = t’¥iy)a ) 
F, onepren «Fe ene,rge 


2N 


Pa AY 
or, d,H(y) = x bed FU (v£°(y) 8H (y) 


2N 
= Vv 
or, 8H(y) a S, (Y)8,H,(y) (10.17) 
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That this is satisfied for the present case can be checked 
from the forms of H,(Q,P), H(Q,P) and sn (y) given in Eqs. 


(0)..6), “QO. 144) wand (10.16) respectively. We have, 
therefore, shown that the Toda equations are compatible with 
a dual symplectic structure. We have constructed the two 


distinct symplectic structures for the Toda system as well 
as the (1,1) tensor, S&S Meigs, associated with them. It is 
easy to see now how the discussion of the geometrical 
approach in Chapter 9 applies to this system. 


Conserved Quantities: 


Given Ss Vy) - the (1,1) tensor constructed from the two 
symplectic structures - we can write down the conserved 
quantities for the system following our earlier discussion. 
As we have seen in Eq. (9.43), these are given by trs” for 
various powers n. Let us derive the first few for 
completeness. 


Thus 


: N 
Hoe > ki = G Its “ yp, (10.18) 


is the first conserved quantity. We recognize this as the 
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total momentum of the system and the conservation is a 
consequence of the translation invariance of the system. 
Next we note that 


2 


Trs* = tr (2B7- (Ae+eA) ) 


Upon simplification, this gives 


N (Q: Q.) 
if aL 2 ie? pe Bids Ui 
ie ee as es ] 
1i=1 
o H,(Q,/P) (10.19) 


This is, of course, the Hamiltonian associated with the 
first symplectic structure and can, consequently, be thought 
of as the energy of the canonical system. Let us simply 
write down the next two conserved quantities below. 


eek eas 3 
H3 => K, F3 Trs 
N =(0>),.-Q) 
3 aig 2) ER. 
- | [Py + (ieee 
2, & Si 
=n O, ©.) (10.20) 
and 
ee. ees 
Hy = 3 K, 8 Ube) 
N -(Q. -Q.) 
= ak 4 2 ace 1 
Le Pi + (PitPsPiaa*Pivade 


-2(Q.,,-0.; -(Q:,.-Q: 
: (O57 a (Qi4o *i)) (110.21) 


Nie 
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It is clear that the conserved quantities = i Trs”™ 


would involve, among other things, terms proportional to 
TrB". These would give rise to the pure momentum dependent 


terms of the conserved quantities which would have the form 
N 
): ae It can be seen from simple algebra that given N 
i=1 


independent quantities Pie PoreserPy, the following alge- 
braic combinations 


R n 
oe nse) 2oc.n.N 


are independent. Consequently, we conclude that of all the 
conserved quantities, only N, namely, H,,H,...-Hy are 
functionally independent. This is precisely the right 
number of conserved quantities needed to prove that the Toda 
system is integrable. We, of course, must also prove that 
these conserved quantities are in involution which we do 


next. 


The Nijenhuis Tensor: 


As we have seen in the last chapter (see Eqs. 
(9.48)-(9.50)), the vanishing of the Nijenhuis tensor 
associated with S§ Aa) leads to the involution of the 
conserved amatttien constructed earlier. In the present 
case the form of S Vy) is determined in Eq. (10.16) and 
consequently, the explicit form of the Nijenhuis tensor can 
be obtained from the definition 
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N 
wHo= ) [s,2 ot. sie 


s # 
1 Rep B a 


» 
= s,# (8,85 '-865q")] (10.22) 

If we further note that by definition 
NB = “Noy (10.23) 
then the vanishing of the Nijenhuis tensor in the present 


case can be systematically seen in the following way. 


Let us first examine the components Ny with i=17255 .N 


and®a, p= 1/2; ooo2Ns From Eq. (10.22) we can easily work 
out to see that 


; - = - =O -O_.) 
Sip aly zal a i a “a-1 
N = (eae - 54-1e ) 


5t e P°p-1)) 


a\°+1° ~ “p-1 
-(Q¢,,-Q,¢) 
+ Sy per(e(P-itt) - e(p-iy)e PMP 
=O ) 
- 8 a4, p(€(@-itl) - e(a-iyje 772 9 (10.24) 


If we now use the identity 


€(a-itl) - e(a-i) = 6 3 +6 


es ae (10.25) 
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then Eq. (10.24) gives 


sth , 
Nop = 2 id Oa N (10.26) 


a,p = AAA Gan o CAN 


Next let us look at the components Naas +N with: Li jinke= 
‘ 
1,2....N. From Eq. (10.22) we see that this takes the 


simple form 


i+N - al eed 
Neen, ken ~ P4O555 ~ P5OK55 
i! p lee Uy 
cs P;5555, + P55, 5; = 0 Cll0r297)) 
i+N 


Similarly, the components N simplify after a little 


jt+N,k 
calculation to the form 


i+N 


i + ° ~(Q,44-Q,) 
No4n,k = Fare] (€(j-k)-e(j-k-1))e 


. -(Q,-Q,_4) 
+ 5, (€(5-k)-€(5-k+1) Je a 


os -(Q ~Q,) : -(Q,-O, 4) 
- 85(F41¢ ao je * <*) 
peee...-0:) 4 FG. -0,.) 
- 5, x (85418 mailed s 6; 4e pee ) (10.28) 
v 


Upon using the identity in Eq. (10.25), we obtain 
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i+N 


Neen, k * 


0 i,4)k = iezee on (10.29) 


1+N have the form 


Finally, the components N; k 
a 


it+N = 8 31 =e rey. i (O77 2a 
pope (PgrP 3) 89; (5,418 —Seaie ) 
8 pei .~0O5-O3-1) og (254-03) 
- (P,-P,) BQ, (5541¢ - 55_,e ) 
(10.30) 


After expanding this out, it is seen to vanish, namely, 
; = 0 1OcSL 
3) abe ( ) 


Combining the results of Eqs. (10.26), (10.27), (10.29) and 
(10.31) as well as the antisymmetry property of Eq. (10.23), 
we conclude that for the Toda lattice 


Ni = 0 ha; p = 4, 2)).0ee (10.32) 


As we have seen in Eqs. (9.48)-(9.50), the vanishing of 
the Nijenhuis tensor induces a recursion relation between 
the conserved quantities 


al 
n on Irs n= EAP AA OG cl (10.33) 
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In the present case, the recursion relation takes the form 


2N 
8H - s “au 10% 
Be ntl les BovunN ( 2) 
with S Viy) defined in Eq. (10.16). The recursion relation 


leads to the involution of the conserved quantities, namely, 


{H,-Hi}g = 0 = {H,,H} : (10.35) 


Thus we have shown that the Toda lattice not only has the 
right number of conserved quantities to be integrable, but 
the conserved quantities are also in involution so that the 
Toda lattice indeed is an integrable system. Let us also 
note here that the higher order equations of the Toda 
hierarchy are given by 


V, V 
yh = Mon = FMYe A (10.36) 


and share the same conserved quantities and, consequently, 


are also integrable. 


The Lax Equation: 


We have seen earlier that the Lax equation plays an 
important role in the study of integrable models. 
Furthermore, we know that in the geometrical approach, we 
have a systematic method of constructing the Lax operators 
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and the Lax equation for the entire hierarchy of equations. 
In what follows, we will construct the Lax equations for the 
Toda hierarchy from the geometrical approach. 


Let us recall from Eqs. (9.37) and (9.41) that the Lax 
pair consists of two operators one of which is Ss aa) The 
second operator is related to the equation of motion and for 
the Toda equations (10.3) is defined to be 


0.) 8,,(2°8,H, (¥)) = 8, (29,8 (¥)) (10.37) 


Here we have used the identification given in Eq. (10.19). 
since £“” is the canonical Poisson bracket structure and is, 
therefore, constant, we have 


u(y) = £8 ,8,8,(y) (10.38) 


Given the form of. H, in Eq. (10.6), we can easily calculate 
this. In terms of NXN blocks, this takes the form 


U’ = mie | - = (10.39) 


+ (5} - 6) Je ae (10.40) 
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Thus the Lax representation for the Toda equations, namely, 


ds 
at [S,U]} 


takes the matrix form 


GgB dA 
at dt A-De -[{B,D] 
S| = 2) = ----| ee | ) (10.41) 
_sae dB 0 eD-A 
dt dt 


Thus the Lax equation in the present case reduces to the 
following NXN matrix equations 


de _ 9 

a (10.42) 
dA 

= ~(B,D] (10.43) 
cP = A - De = eD - A = § [e,D] (10.44) 


We see that Eq. (10.42) is a consistency condition since e 
is a constant matrix. Therefore, there are only two 
independent matrix equations. If we work out in detail, 
Eqs. (10.43) and (10.44) give respectively 
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These are nothing other than the Toda equations of (10.3). 


We can, of course, also construct the Lax 
representations for the higher order equations of the 
hierarchy. In this case, the second Lax operator is simply 
given by 


Vrs 9 


» 
is 8, (f° 8,4,) a br 


(U,) H, (10.45) 


pb 


which can be worked out explicitly since we know the exact 
forms of Hi: The Lax representation for the nth order 
equation, then, simply becomes 


ds 
dt, = [(S,U,] (10.46) 


Several comments are in order here. Our construction of 
the Lax operators has followed the geometrical approach and 
consequently, has a built in symplectic character. For 
example, the Lax pairs consist of 2NX2N matrices. In 
fact, even the nontrivial NXN matrix equations consist of a 
diagonal matrix equation, namely Eq. (10.44), and an 
antisymmetric matrix equation, namely Eq. (10.43). The Toda 
system, of course, has been studied from various points of 
view and needless to say that other Lax representations of 
the system (not from the geometrical approach) exist. It 
would be instructive to compare some of these. For example, 
the conventional Lax pair of Flaschka and Moser are given in 
terms of NXN matrices and have the form 
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+ (P,5) + 53, ,e piOiens 2s)? 
-(Q;,4-Q;)/2 
z (ue 
7 20 Rae ik am - (10.48) 
The Lax equation 
ae pine... (10.49) 


of course, has the same content as Eq. (10.3). Let us also 
note that the Lax operator S$ can be separated into a 
diagonal and an off-diagonal part as 


3,3 = 5, + KJ (10.50) 

where 
5.) = 2 p,6) : (10.51) 
ae ae. 9 pera 


That is, the diagonal _ part, B, coincides up to a 
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multiplicative constant with the B matrix we have 
constructed earlier. The off-diagonal matrix, x, on the 
other hand, is quite different from the A matrix even though 
the structures look similar. For example, A isa symmetric 
matrix whereas A is antisymmetric. 


With the decomposition in Eq. (10.50), the conventional 
Lax equation of (10.49) also separates into two NXN matrix 
equations given by 


aa yy re 
a" (B,U] (10.53) 
dB vw 
ae * [47%] (10.54) 


While the contents of Eqs. (10.53) and (10.54) are the same 
as those of Eqs. (10.43) and (10.44), the structures are 
very different. In fact, Eq. (10.53) is a symmetric matrix 
equation whereas Eq. (10.43) is in terms of an antisymmetric 
matrix. Furthermore, since the similarity transformations 


preserve the symmetry properties of a matrix, the two Lax 
representations are indeed inequivalent. 
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CHAPTER 11 


GROUP THEORETICAL APPROACH TO THE TODA LATTICE 


In the last chapter, we studied the Toda lattice from a 
geometrical approach. We explicitly constructed the 
conserved quantities and demonstrated the integrability of 
the system following from the vanishing of the Nijenhuis 
torsion tensor. In this chapter, we will examine the 
integrability of the Toda lattice from a group theoretical 
point of view. This has the advantage that it emphasizes 
the important role played by the symmetry groups in the 
integrability of a system. Furthermore, the ideas developed 
in this chapter become quite useful in the study of the 
Yang-Baxter equation as well as the quantum inverse 
scattering method to be discussed later. 


Review of Lie Algebra: 


The most important part in the study of a continuous 
symmetry group is its Lie algebra. There exist many 
excellent books on the study of Lie algebra and one should 
refer to these for derivation of various results on the 
subject. Here we would merely summarize the results which 
would prove useful in our study. Furthermore, although the 
results would be quite general, wherever possible we would 
give SU(N) as an example since that is the group which would 
enter our discussion of the Toda lattice. 


Let us consider a continuous simple group G and denote 
its Lie algebra by g. The Lie algebra consists of the 
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elements, Tir with I = 1,2,....dim G and the multiplication 
rule 


fiigledet 3 snl ieoeK = 1, 2.0din.c (11-1) 


Here we have defined the elements of g to be Hermitian and 
- are the structure constants of the group. The 
elements, Th generate the group G and are, in fact, defined 
to be the group elements near the identity element. 
Geometrically speaking, therefore, if one considers a Lie 
group as a manifold, then its Lie algebra simply corresponds 
to the tangent space at the identity and the generators, Tie 
merely constitute a basis of the tangent manifold. It is 
obvious from this also that dim G represents the dimension- 
ality of the group manifold. Namely, it corresponds to the 
number of independent basis elements needed to span the 
manifold. In the language of matrices, dim G represents the 
number of independent matrices needed to specify any group 
element. 


Since the T,’s constitute a basis of the simple Lie 
algebra, we could choose them to be orthonormal, satisfying 
in a matrix representation the condition 


(i) 


A second inherent characteristic of a Lie group G is its 
rank denoted by rank G. This is defined to be the maximum 
number of commuting elements of the Lie algebra in Eq. 
(11.1). In the matrix representation, rank G denotes the 
maximum number of generators, T,, which can be diagonalized. 
Let us note here that for the group SU(N), which is defined 
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by the properties of the NXN unitary matrices with 
determinant unity, 


dim SU(N) = N* - 1 


and . (11.3) 


rank SU(N) = N-1 


Although the orthonormal basis of Eq. (11.2) is the 
natural basis for the Lie algebra, various algebraic 
questions such as the representation theory are much better 
studied in an alternate basis known as the Cartan-Weyl 
basis. Here the generators are divided into two classes. 
The first consists of the commuting elements of the simple 
Lie algebra, denoted by H; with i = 1,2,....rank G, giving 
the maximally commuting subalgebra of the Lie algebra, 
namely, 


(Hy Hs] = 0 ipjem1,2..<rank G <@t.4) 


This is also called the Cartan subalgebra of the Lie algebra 
and the generators H; are defined to be hermitian. The 
second set denoted by oo is constructed by taking complex 
combinations of the remaining elements of the Lie algebra 


such that 


[H;,e,] = ae, i = 1,2...rank G (11.5) 


Here a,'s are the structure constants in the Cartan-Weyl 
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basis and correspond to the components of a Euclidean vector 
of dimensionality rank G, for each generator e,: These 
vectors are known as the root vectors and label the 
generators which do not belong to the Cartan subalgebra. 
Clearly, the number of roots for a Lie algebra is given by 


Number of roots = dim G - rank G (GeG,) 
For SU(N), this number is 
Number of roots = N” - 1 - (N-1) = N(N-1) (Die) 


The roots can be divided into positive and negative 


roots in the following way. If the first nonzero component 
of a root vector a = {a;} is positive, then it is defined to 
be a positive root. It is negative otherwise. Since a,'s 


are real, we obtain from Eq. (11.5) that 


+ & + 
([H,,e,] = ae, 


+ + 
or, [H; reg] = -a,e) (11.8) 


This shows that if a is a root vector, then so is (-a) and 
that 


. 11.9 
ey ey ( ) 


Finally, the commutation relations between the e,’s can be 
obtained from the Jacobi identity and take the form 
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[eqrea] = aH; if atp=0 
= N(a,f)e, 4 if a+f is a root (11.10) 
= 0 otherwise 


The constants N(a,f) can be chosen to be real and can be 
calculated explicitly if we know all the roots. However, 
the N(a,f)'s, in general, satisfy various identities which 
are often quite useful. For example, let us note without 
derivation (The derivation is actually quite straight- 
forward.) that 


N(a,8) = -N(f,a) = -N(-a,-f) (11.11) 


N(a,f) = N(-a,a+B) = -N(-B,a+f) (iii) 


Combining Eqs. (11.11) and (11.12) we obtain 


N(a,f) = -N(-a-f,B) (11.13) 


The structure of a Lie group is contained in its 
structure constants and as we have noted earlier these are 
nothing other than the root vectors of the Lie algebra. 
Furthermore, since the negative roots are simply negative of 
the positive roots, the structure is essentially contained 
in the set of positive root vectors. The root structure can 
be further simplified by noting that the positive roots, in 
general, are not all linearly independent. In fact, the 
number of linearly independent positive roots can only equal 
rank G since that is the dimensionality of the space in 
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which they live. Let us next define a simple root as a 
positive root which cannot be written as the sum of two 
positive roots. With a little bit of work, it can be shown 
that the number of simple roots is rank G and that they are 


linearly independent. Furthermore, if we denote a simple 
root by 


a Age 1, Bivins rank Guetliciay 


then any positive root can be written as 


rank G e 
a= jp ka (11.15) 
a=I 
where k,'s are non-negative integers. Consequently, the 


information about the structure of the group now resides 
completely in the set of simple roots. In fact, given two 
simple roots a* and a the Cartan matrix is defined as 


a b 
(a ,@ ) 


where (, ) stands for the Euclidean inner product. The 
Cartan matrix encodes all the information about the group. 
Let us simply note here for future use that, for SU(N), the 
Cartan matrix is a (N-1)X(N-1) matrix of the form 
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2 -1 0 seeveeweeeeeeveeoe evens 


-1 2 -1 0 enevoesoevee 
0 -1 2 -1 0 eeovee 
= 11.17 
or, Kip ; ( ) 
. 0 -1 2 -1 
0 eeeeveeeeveve eee e 0 -1 2 


The inverse Koy, is a full matrix but satisfies the identity 


y Keer 8 
c 
Using the formula in Eq. (11.17) for Kab! this leads to 


-1 
a b-1 ~ Ka pti * Sab (11.18) 


Since the orthonormal basis and the Cartan-Weyl basis 
describe the same Lie algebra, they must be unitarily 
related. That is, if we write 


n 
Ty = 7 Can, + a (Cine, Cr ace) 
roots 


then hermiticity would require 


(11.20) 
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and unitarity would lead to the relation 


n 
: Creer t 2 WeeSsatCregcaa)= Sy (12-21) 


We note here that a second basis that is sometimes used 
in the algebraic studies is the Chevalley basis. Here one 
defines 


(11,229 


The form of the commutation relations in this case are 
obtained from Eqs. (11.5) and (11.10) and are given by 


CH Ha) = 0 
. 2. tee 
2(at + . . 
[E, Eg] = [es N(a,P)Eo 46 if a+tf is a root 
=i if atp = 0 
= 0 otherwise 


Note in particular that for 
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and (11.24) 


the commutation relations take the simple form 
[H,,H,] = 0 


(HE) 7 Ey Kpa 


(11-725) 
ane pianeD 
2(a +a ,a +a a ob 
[E_,E,] = 2 (a see aa) Nia ,a@ jE 
a’~“b (atyatao ee) ( ) atta? 


Group structure of the Toda equations: 
Let us next try to identify the group structure 
associated with the Toda lattice. We recall from Eq. (10.1) 


that in terms of N' canonical coordinates Q; and momenta Pir 
the Toda equations take the form 


Q. =P. io=1,2.¢..N (115265 


j = 273700 eN=1 


P, = (sas 
° -(Q -Q ) 
- n-On-1 
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We can write this equivalently as the following set of 
second order equations 


: -(Q,-Q,) 
Pp = hh 
ee = ~(Q -Q ) =(O -Q ) 
a oe A 3 "2 


: -(Q,-Q.) Ao -O-) 
Se ee eas 


oS 3° 
. (11.28) 
os e = (Qy_1-On_2 ) =. (Qy-OQn 1 ) 
Cp eeney 1, ae 
: —(Qy- Oy) 
Qy = Py = 


It is obvious from Eq. (11.28) that 


Namely, the total momentum is constant and, therefore, the 
center of mass motion can be separated and the dynamics of 
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the system can be written in terms of (N-1) coordinates and 
momenta. In fact, let us define the (N-1) coordinates as 


qa = Qo41 = — a = ygteig 0 eer: (11.29) 


The second order equations satisfied by the q,'5 follow from 
Eq. (11.28) and have the form 


qd, = 2e -e 


“J -q -q 
qd, = -e ey 
: -q me ae | 
Oe 2 + 2e 2 e . 
: (11.30) 
& cae pe ~An_ q 
cena N-2 , 5, “N-1 N 
-AWy -q 
Gy = -e “1 +2e N 
We recognize that this can be written compactly as 
N-1 -g 
ve = ‘D 
q. = 2 Kane (11.31) 
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where Kib is the Cartan matrix for SU(N) given in Eq. 
(lai)... 


Let us note that a Lagrangian whose Euler-Lagrange 
variations gives rise to Eq. (11.31) is easily obtained to 
be 


abt - ye (ii 320 
a 


where a is the inverse of the Cartan matrix. Let us note 
that the momenta conjugate to qd, are defined as 


p=x=“~= JF kigq (11.33) 
a b=1 ab*b 


Using the relations in Eq. (11.26), (11.29) and (10.9) we 
immediately see that 


{9/9} att! Rad {P,/Pp} 7 - (11.34) 


and 


Co ee) Cee ey 


N-1 


= 
L Roo l@a+1-2ar Poti Pc! 
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Nol, 
- 2, Ric (25 ac75a 0417 ati,c) 
or, {9,-/Pp} * Sap (11.35) 


Here we have used the identity of Eq. (11.18) in the last 
step. Relations (11.34) and (11.35) show that (d,-Pa) 
constitute a canonical coordinate system. 


The Lax Pair: 


So far we have introduced the group structure of SU(N) 
into the Toda system through the Cartan matrix. However, 
this seems quite accidental. To show that a deeper 
connection indeed exists, let us define the Lax operators 


a Nl a 
s=5 r (p,H, +e (E,+E a) 
a=1 
(11.36) 
N-1 -qg_/2 
ak a 
u=-5 wey e (E,-E_,) 


Here H, and E, are the generators in the Chevalley basis 
defined in Eq. (11.24). Consequently, S and U are operators 
in the SU(N) algebra and have a (N-1)X(N-1) matrix form. 
Using the relations (11.25) we can show that 


N-1 e - /2 
ds =e! 1 mA 
ge -su1~3 2 (Pata - 3 
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Furthermore, using the definition of Pp, from Eq. (11.33), we 
obtain 


N-1 N=1 z 

as a -1;": = 

aee> (syUlh= > ) Baki (qo- )¥ kc °) gaauar 
dt 2 = ap ( BD Gey be ) ( ) 


We recognize the term in the parenthesis on the right hand 


side as the equations (11.31). Consequently, the Lax 
equation 

das 

a” [S,U] : (11.38) 


indeed represents the Toda equations in the new variables. 
Following our discussion of Eq. (9.43) we recognize that the 
quantities 


(11.39) 


must be conserved under the flow of the Toda equations. 
Furthermore, since the Lax operator S belongs to the SU(N) 
algebra, the number of independent quantities of the form 
Eq. (11.39) can equal N-1 which is the rank of SU(N). Let 
us recall that since we have already separated out the total 
momentum which is conserved, the number of independent 
conserved quantities really equals N which is the right 
number for integrability according to Liouville’s criterion. 


Before discussing the integrability of the Toda system, 
let us note that given the canonical Poisson brackets of 
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Eqs. (11.34) and (11.35) we can calculate 


{$i 57S,} (11.40) 
If we introduce a tensor notation 

(A®B) ix. 5e = A; 5Byo (11.41) 
then it follows that 

(A®B)(c@®pD) = ac@® sp (11.43) 


With this notation, all the components of the Poisson 
bracket in Eq. (11.40) can be calculated from Eqs. (11.34), 
(11.35) and (11.36) to be 


ee -G,/2 

is@s} = 7 3 L_ (4. @ (E,tE_,){P,7e ” } 
-q,/2 
+ (BYE) @u,fe ”", y}) 
or, {S@®s} 
N-1 -q_/2 
f 

= 5 a ie (1, @ (E,+E_,)-(E,+E_,) @ 4.) (11.43) 


This relation is quite useful in proving integrability as we 
will see later. 
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Integrability of the Toda system: 


Since we have shown that the Toda system has the right 
number of linearly independent conserved quantities, 
integrability is proved if we can show that these conserved 
quantities are also in involution. To show this, let us 
introduce some more Lie algebraic structures. Let us define 
the following tensor product operators for SU(N) 


ep we l@e.. 


a>0o 


it 
NH 


om (a,a)(E,@E_,) (11.44) 
a 


and 


c= } e,@e_, 


aco 


; i (aay (BQ@E_)= ZL (aa) (#4 ® Fa) (11.45) 


aco 


Here the final expressions involve sums over only the 
positive roots of SU(N). Now, using Eqs. (11.23), (11.25) 
and (11.42), we see that 


= 3 (a,a)([EyeE,] ME_g + Ey @ [E_g/Fq)) 
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1 aoa 
= - > (a°,a°)E, @H, 
a a 
a,a)(ata ,ata 
+ fsraraPera (2 @z,) 
ado 2(a- 7a) ata 


(N(a,a*) + N(-a-a",a*)) 


The second term on the right hand side vanishes upon using 
the identity in Eq. (11.13) so that 


[C, » E,@1 + 1@E,) = - F (a*,a")(E, @H,) (11.46) 


Let us note here that in the above expression I stands for 
the identity operator. It can also be shown similarly that 


[Cc , E.@r+1@s,) = -3 (a*,a°)(H,@eE,) (11.47) 
If we now define 
4 =~ ee (11.48) 
and assume that the simple roots are normalized, namely, 
(a*,a%) =1 & = 12eeenN-1 0 fitceen 


then Eqs. (11.46) and (11.47) imply 
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[r, B,@1+1@eE,) = 7 (H,@E, - £,@4,) (11.50) 
Similarly, it can be shown that 

[Ir , E.,@1+1@e_,) = | (HL, @E_, - £_,@H,) (11.51) 
and 

[r; H,@1 + 1@ 4.) = 0 (11.52) 


We are now ready to prove the integrability of the Toda 
system. Let us note from Eqs. (11.36) and (11.50)-(11.52) 
that 


[xr , S®MI+1@s}] 


N-1 
al 
= a, (pair » H,@I+ 1@H,) 
-q,/2 
+e * [r, (E,+E_,) ®@1 + 1@ (E,+E_,)]) 
Net -q_/2 
“5 L i (H, @ (E,+E_,) _ (E,*E_,) @ #,) (aEoare 


Comparing with Eq. (11.43), we see that 


is@s} =(r, S@r+1@Q8]} (11.54) 
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This is the fundamental relation in proving integrability 
just as the recursion relations of Eq. (9.49) were crucial 
in the geometric approach. It also emphasizes the interplay 
of the Hamiltonian methods with the group structure in that 
the left hand side only involves canonical Poisson bracket 
relations whereas the right hand side is determined from the 
group structure. 


Note here that given Eq. (11.54) we can prove involution 


of the conserved quantities in the following way. First 
note that 


{tr s", s} 


=n tr, ((s"-* @ 1){s @ s}) (11.55) 


where Try, denotes trace over the first element of the tensor 
product space. Using Eqs. (11.42) and (11.54), we see that 


{trs", s} = n tr, ((s" * @ajyir , SO s}) 


n Tr —((s"" @ayix , 1@ 51) 


u 
=) 
Si 
iz) 
H 
n 
=] 
i 


7st gee (11.56) 


In deriving this we have used the cyclicity property of 
trace and an obvious notation 


Re, n-1l 
72S r = Rre(S (eae) x (11.57) 
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It is obvious from Eq. (11.56) that 


n 


{tr s™, tr s™} 


mtr s™-1yqr s®, 5} 


eee ( tras: | sy + 0 ¥m,n (11.58) 


The right hand side vanishes because of the cyclicity 
properties of trace. 


This, therefore, shows that the conserved quantities 
constructed in Eq. (11.39) are also in involution and 
consequently, the Toda system is integrable. Note that each 
of the Hamiltonians generates its own flow and that the 
higher order Lax equations can be obtained from Eq. (11.56) 


as 
oe = {8,K,} 
= 2 (serrms”} 
ey Tr st-ly) 
or, a = [Sp tr, 8 x} = (8,05) (11.59) 
where 
nege) Ts sh-ly = tr,(s" > @ tr (11.60) 
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It is clear from our discussion that although the Toda 


lattice that we have described corresponds to the group 
SU(N), one could have in fact chosen any group including 
affine and Kac-Moody ones and the corresponding Toda 


lattices would also be integrable. 
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CHAPTER 12 
ZAKHAROV-SHABAT FORMULATION 


So far, we have studied only two integrable models, 
namely, the continuum model of KdV and the finite 
dimensional Toda lattice. However, there exist several 
other models - at least continuum ones - which are also 
integrable. A natural question that arises, therefore, is 
whether a unified description of all such models is possible 
and surprisingly enough the answer is yes. In ebacty, ln 
trying to understand the nonlinear Schrodinger equation, 
which is integrable, Zakharov and Shabat used an approach 
which was later generalized by Ablowitz-Kaup-Newell-Segur 
(AKNS) to describe various other integrable models. This 
approach uses a Lax operator which is first order in the 
derivative oa , in contrast to the second order formulation 
which we have already studied in Chapter 6. Besides 
describing various integrable models in a unified manner, 
this approach has the advantage that the inverse scattering 
method for such a formulation generalizes readily to the 
quantum case. In this chapter, therefore, we will describe 
the first order formulation of the Lax operator and study 
the inverse scattering method for the specific example of 
the nonlinear Schrodinger equation, in order to bring out 
the essential features of this approach. 


The First Order Formulation: 


In the first order formulation, the nonlinear evolution 
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equation is obtained as the compatibility condition or the 
consistency condition for a pair of equations. To under- 
stand the motivation for this, let us recall our discussion 
of the Lax method in Chapter 6 (See Eqs. (6.23)-(6.26)). We 
know that if 


L(typ(t) = w(t) (aa 
and 

ORC = [B(t),L(t)] (12.2) 
where 

BRED = B(ty p(t) (12.3) 


then the spectral parameter is independent of t, namely, 


Bd. 
ae (12.4) 


We can, of course, check this very easily. For example, 
taking the time derivative of Eq. (12.1), we obtain 


OL(t Ov(t) _ Or Ov(t 
Beet wet) + Ect) BREED = _ BR ycey - » BRED 


Using Eq.. (12.3), we can write this as 
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— BA ycty = (CRUD + nceyacey + rBcey) pct) 
= (SR) + pucty,B(ty) + B(t) (L(t)+d) ) p(t) 
att , (12.5) 
=. Br = : (12.6) 


In obtaining Eq. (12.5), we have used Eqs. (12.1) and (12.2) 
in the final step. 


This analysis is quite interesting for it allows us to 
turn the argument around and identify the Lax pair in the 
following way. Namely, let us assume that 


L(t)p(t) = -AP(t) 
and (12.7) 


OYE) = B(ty p(t) 


with 


Or’. 9 (12.8) 


If the compatibility condition for the two equations in Eq. 
(12.7) gives the nonlinear evolution equation under study, 
then L(t) and B(t) can be identified as the Lax pair of the 
system. This is obvious from our previous analysis because 
as we can see from Eq. (12.5), the compatibility condition 
in this case is precisely the Lax equation of Eq. (12.2). 
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This alternate formulation of the Lax equation as a 
compatibility condition is quite useful and is at the heart 
of the first order formulation. 


In the first order formulation, we would like L(t) to be 
linear in = We recall from our experience with the Klein- 
Gordon and the Dirac equations that a second order scalar 
differential equation is often expressible as a first order 
matrix differential equation. Keeping this in mind let us 
generalize the two equations of Eq. (12.7) to (2X2) matrix 
equations. (We can use higher dimensional matrices, but 
this is the simplest and the most useful.) Let us recall 
that the Pauli matrices are defined as 


‘a ") fe % 1 0 
Oo, = Co, = o., = (12.9) 
: 1 0 ao 2 ( B 
so that 
1 : o 1 
De oe ( .) 
(12.10) 
: 0.600 
¢_ =} (,-10,)=( 
It also follows from their explicit forms that 
ee 2 Phas 
Cee = 0 co, =I 
0,0, = to, = -0,0, (12140) 


e.2 
Oran eee (180, ) 


where I is the two dimensional identity matrix. 
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Defining now a two component column vector 
9} 
@=() . (12342) 
$2 


we generalize the two equations of Eq. (12.7) to first order 
matrix equations as 


(o, aS - qo, + ro_)g = -igg 


or, at = (qo,+ra_-icu,)¢ (12.13) 
and 
-= = (Po,+00_+Ro,)6 (12.14) 


The dynamical variables q(x,t) and r(x,t) do not depend on 
the spectral parameter ¢ which is assumed to be independent 
of x and t. The coefficient functions P, Q and R, on the 
other hand, do depend on ¢ and are functionals of q(x,t) and 
EOE): 


The compatibility condition for Eqs. (12.13) and (12.14) 
can now be easily obtained. We note from Eq. (12.13) that 


; 
a“¢ : 5 
Reon 7 (7% ECLIG + (G0, tro_-1603) Sf 


= (G,9,+r,0_)p + (qo, t+ro_-i¢o,)(Pa,+00_+Ro,)¢ 
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Ze ; 
ae Brbx = ((a,-aR-i¢P)o, + (r,+rR+i¢gQ)o_ 


rP rP 
+ gage Pig, + (ge + TE _ igry)p (12.15) 


(3 2 


Similarly, from Eq. (12.14) we obtain 


2 
¢ 8 
Sx9E (P30, 90; ea)? * ee Bx 


(P07, +0,0_+R,o,)¢ + (Po,+Q0_+Ro,)(qo,+ro_-igo,)¢ 
ofr @xOc ((P,+igPtaR)o, + (Q,-i¢Q-rR)o_ 


+ (R, + FP Wyo, + (2+ EP _ icry)g (12.16) 


Comparing Eqs. (12.15) and (22516), we obtain the 
compatibility condition to be 


R, = qQ - xP (12.17) 
r, = QO, - 2rR - 2i¢0 (12.18) 
a = Py, + 2qR + 2icP (12.19) 


Thus following our earlier analysis, we conclude that if 
for some choice of the variables, Eqs. (12.17)-(12.19) 
describe a given nonlinear evolution equation, then Eqs. 
(12.13) and (12.14) would define the Lax pair appropriate 
for such a system. In fact, let us write down explicitly, 
the form of the Lax pair in such a case 
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8 . 
L= on A(X,¢) = _ - qo, -ro_ + igo, 


and (12.20) 


B= Po, + Qo + Rox 
so that 
ae OL) <2. 23) 


Let us note here that B is unique only up to an additive 
constant, since a constant commutes with everything. Let us 
note further that the eigenvalue equation in such a case, 
Eq. (12.13), is a first order differential equation, in 
contrast to the more conventional second order equation in 
Eq. (6.61). 


The Nonlinear Equations: 


We are now in a_ position to describe various nonlinear 
integrable models in a unified way. 


i) KdV: 


Let us choose r=6. Then Eq. (12.18) gives 


ae 


_ i¢ = | 12.22 
iz %-¢ 2 ( ) 
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We also obtain from Eq. (12.17) the relation 


wehgo eee a6 ; 
P=5 90-55 2x Mae (12.23) 


Using Eqs. (12.22) and (12.23) in Eq. (12.19), we obtain the 
evolution equation to be 


al iL a 
Ge = ~ 72 Oxxx * 3 Wy, + GF G2 - Te %& (12.24) 
Furthermore, if we choose q = - ie u(x,t) (compare Eqs. 


Eqs. (12.22)-(12.24) with Eqs. (7.53)-(7.55)), we obtain 


1 al 2 
Quxx 7 3 WOy + GF UyQ + 20°0, 


i=] 
i) 
Nie 


I 
Nie 


(p> + + (Du+up))Q + 2¢7p9 (12.25) 


This is nothing other than the generating equation for the 
Kdv hierarchy as we have seen in Eqs. (6.71) and (7.57). 


ii) MKdv: 


Let us choose r(x,t) = q(x,t) = - a v(x,t) . Then 
from Eq. (12.17) we obtain Gs 


R, 
(P-Q) = -i v6 (= (12.26) 
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The difference of Eqs. (12.18) and (12.19) gives 


so that 
2 
eV) (12.27) 
VC = 


Finally, the sum of Eqs. (12.18) and (12.19), upon using 
Eqs. (12.26) and (12.27), gives the evolution equation to be 


R 
(VR), + 6i¢ ) (12.28) 


Ie 


- R 
oa pre xx : 


It is worth comparing Eqs. (12.26)-(12.28) with Eqs. (7.59), 
(7.63) and (7.64) respectively. It is clear then that if we 
let 


R = -i¢(-4¢7 + $ v?(x,t)) (12.29) 


then the evolution equation in (12.28) takes the form 
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which is the MKdv equation. 
iii) Nonlinear Schrodinger equation (NSE): 


Let us choose q(x,t) = VKy* and r(x,t) = VK where « is 
an arbitrary constant parameter which can be both positive 
or negative. Consistency of the set of equations 
(12.17)-(12.19) requires that 


Q = (sign K)P* (12.30) 
Furthermore, if we choose 

R = 2ic7 + in pep (12.31) 
then we obtain from Eq. (12.17) (using Eq. (12.30)) that 


Q= ivK p - 2¢ vE yp (12.32) 


Using Eqs. (12.30)-(12.32), the evolution equations are 
obtained from Eqs. (12.18) and (12.19) to be 


Se Nes 2019179 (12.33) 


ips = vi. - 26lyl2ye (12.34) 


This is the nonlinear Schrodinger equation where we have 
denoted 
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2 
ivr =eey 


and the parameter « measures the strength of the nonlinear 
interaction. 


iv) Sine-Gordon equation: 


Let us choose 
r(x,t) = -q(x,t) = 5 w, (x,t) (12.35) 
Furthermore, if we let 
pang = doi (12.36) 
then Eq. (12.17) gives 


R = Ze cosw (12.37) 


Using these, we obtain the evolution equation, from Eqs. 
(12.18) and (12.19), to be 


W.. = sinw (12.38) 


This is the Sine-Gordon equation in the light cone variables 


as we have seen in Eq. (8.21). 
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v) Sinh-Gordon equation: 


We can similarly choose 


r(x,t) = q(x,t) = 3 Ww, (x,t) (12-33)) 
and let 
Q=-P= = sinhw (12.40) 


Then Eq. (12.17) determines the form of R to be 


w 
i] 
/ 


coshw (12.41) 


> 
vy 


Using these, we obtain the equation of motion from Eqs. 
(12.18) and (12.19), to be 


Wee = sinhw (12.42) 


which is the Sinh-Gordon equation in the light cone 
variables. 


This discussion shows how various integrable models can 
be described in a unified manner in the first order 
formulation. Furthermore, it also brings out a very basic 
feature of the Lax equation, namely, whereas the Lax 
operators are functions of the spectral parameter, the 
consistency condition or the nonlinear evolution equation 
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does not depend on it. 


NSE as a Hamiltonian System: 


In the rest of this chapter, we will study the specific 
example of the nonlinear Schrodinger equation to further 
elucidate the essential features of the first order 
formulation. First, let us show that the NS equation is a 
Hamiltonian system. From the form of the equations in Eqs. 
(12.33) and (12.34), we see that they can be obtained from 
the Euler-Lagrange variation of the following first order 
Lagrangian. 


° Oo 
a ie dx(p*y,-yey) - H (12.43) 
where the Hamiltonian is given by 
a 2 
H= f dx(pep +K(prp) ) = © (12.44) 
—00 


Here we are assuming that the dynamical variables (x,t) and 
y* (x,t) vanish asymptotically. 


Following our discussion of Eqs. (9.26), (9.27) and 
(9.30), we can read off the symplectic structure and the 
Poisson bracket structure from the Lagrangian in Eq. 
(12.43). In fact, let us note that alo 
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{p(x,t) ,-P*(y,t)} = -id(x-y) 


(12.45) 
{p(x,t) -Ply,t)} = 0 = {pr(x,t),-o*(y,t)} 
then 
¥. = (p(x,t),H} = ip, - 2inlpl 7p 
or, if, = -¥,, + 2e1yl7y (12.46) 
and similarly, 
VE = {Y*(x,t),H} = -igs, + 2inly] ye 
or, ipt = pt, - 2«lp| 7p (12.47) 


These are, of course, the nonlinear Schrodinger equations 
written in the Hamiltonian form. Consequently, we conclude 
that NSE is a Hamiltonian system. 


Time Development of the Scattering Data: 


Let us recall from our discussions in Chapters 4 and 5 
that the initial value problem for a nonlinear integrable 
system is best studied by the method of inverse scattering. 
This, as we have seen, is because whereas the nonlinear 
evolution is complicated, the scattering data of the 
associated linear equation correspond to the action-angle 
variables of the nonlinear system and, therefore, have a 
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very simple time development. In fact, let us note from 
Eqs. (12.13), (12.14) and (12.30)-(12.32) that for «<0, the 
associated first order equations are given by 


eS - ivIxT (p*to,+¥o_) + igo,)p = 0 (12.48) 
and 

Be = Bd = (Po,+Qc_+Ro,)¢ : (12.49) 
with 


P= VIKT oe - 2i¢ VIKT y* 
Q = -vIKT p, - 2i¢ VIAT 9 (12.50) 


R = 2ic7 - ilkl pro 


Since we require (x,t), *(x,t) and their derivatives to 
vanish asymptotically, it is clear from Eq. (12.50) that 


P > 0 
| x | 00 

Q > 0 (12.51) 
| x] 00 

R Sy 21" 
| x| +00 


We also recall that the matrix B is unique only up to an 
additive constant. Allowing for this, then, the time 
evolution equation, Eq. (12.49), takes the asymptotic form 
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oe = (c+2i¢*o,)¢ as |x| + @ (12.52) 


where the constant C can be determined from the boundary 
conditions of the eigenvalue problen. The asymptotic 
evolution is clearly simple and since the scattering data is 
related to the asymptotic behavior of the wave function, we 
see that the time development of the scattering data must 
also be necessarily simple. 


Let us next turn to the eigenvalue equation, Eq. 
(12.48). Let us note some of its properties before 
analyzing the scattering data. First of all, note that 
unlike the Schrodinger equation, this is not Hermitian. 
Consequently, the spectral parameter ¢ need not be real. 
Secondly, if the two component vector ¢ (see Eq. (12.12)) is 
a solution of Eq. (12.48), then it can be easily shown using 
the properties of the Pauli matrices that 


& - ivTK] (pto, +yo_) + i¢to,) (io, ¢*) = 0 (12.53) 


In other words, if ¢(x,t) with the form 
¢=( ) (12.54) 


is a solution of Eq. (12.48) with the value of the spectral 
parameter ¢ , then 
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* 
e #3 
¢= iog*=( ) (12.55) 
-—p* 
il 


is also a solution of Eq. (12.48) with the value of the 
spectral parameter ¢*. It also follows from the definition 
of d and Eq. (12.52) that asymptotically d satisfies the 
evolution equation 


a F (c#+2i¢7o,)3 as [x] + © (12.56) 


Let us also note here that 
? = io,o* = -¢ 


We can derive the analogue of the Wronskian for the 
present case in the following way. Let us assume that ¢ and 
W are two solutions of Eq. (12.48) with the spectral 
parameters C1 and $2 respectively. That is, 


(& - ivTAT (yto,t+¥o_) + igyo,)¢ = 0 (12.57) 


and 


I 
(=) 


(=: - ivTRT (p*o,+¥o_) + ig¢go3)w = (12.58) 


Multiplying Eq. (12.57) with iw'o, and Eq. (12.58) with 
if'o, (T denotes transposition) and subtracting one from the 
other, we can show using the properties of the Pauli 
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matrices that 


(wTio,$) - i(¢,-¢p)w"o,¢ = 0 (12.59) 


a" 
*% 


Written out explicitly, in terms of the components, this has 
the form 


2 (W1P-W9b) - 1(¢4-Sp) (Wy bq 4Wo%,) = 9 (12.60) 


If we now assume that ¢ and w correspond to the same value 
of the spectral parameter, namely ¢, = ¢,, and define the 
analogue of the Wronskian as 


W(p,w) = ¢ ionw = ¢,w, - $ow, = -W(w,¢) (12.61) 


then it is clear from Eqs. (12.59) and (12.60) that W(¢,w) 
is a constant in space since 


ie (12.62) 


Let us next introduce the Jost functions for this 
system. Let f and g be the solutions of Eq. (12.48) for 


real values of the spectral parameter with the following 
asymptotic behavior. 


oO & 
£(x,¢) ae () en 


(12.63) 


g(%,¢) ee ae 


x>—0 0 
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# and 7g can then be seen from Eq. (12.55) to take the form 


_— 
£(x,¢) ——> () er 
xr0 “ ‘9 


(12.64) 


~ ‘ 0 : 
G(X,¢) > () en S* 


x>-0 


Here we have used the fact that ¢ is chosen to be real for 
the definition of the Jost functions. Furthermore, since we 
require the Jost functions to retain their asymptotic 
behavior for all values of t, we can determine their 
asymptotic evolution, using Eqs. (12.52) and (12.56), to be 
(see also Eq. (13.32) in the next chapter) 


oe 
Be = 2i¢*(It0,)f 


pe = -2i¢7(1-0,)? 

(12.65) 
3 2 -2i¢? (I-03) 
BI = 2i¢*(1405)9 


The functions f(x,¢) and £(x,¢) form a complete set of 
solutions of Eq. (12.48) just as 9(x,¢) and 9(x,¢) do. 
Therefore, we can expand 
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£(X,¢) = a(C)g(x,¢) + b(C)G(%,¢) 


(12.66) 
£(x,¢) = -a(e)g(x,¢) + 6(¢)9(x,¢) 


where the coefficient functions can be readily determined to 
be 


a(¢) ea W(£(X,¢) -9(X/¢) ) e? £595 ¥ £49, 


~ 


b(¢) = -W(£(x,¢),9(X,¢)) = £29, - £19, 
(12.67) 


a(c) = W(E(x,¢),9(x,¢)) = #9, - £59, 

Big) = w(E(x,¢),9(x,¢)) = E,g, - £49, 
Let us note that, since by definition 

2(x,¢) = igf (x,¢) 


9(x,¢) = jong (x,¢) 


it follows from Eq. (12.66) that for real ¢ 


a(¢) = a (¢) 


(12.68) 


Bre) = b (¢) 


In general for complex values of the spectral parameter, it 
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can be shown that 


~ * * 
ate = a <¢) 
(12.69) 
~ * * 
b(¢) = b (¢ ) 


Let us also note from the expressions in Eq. (12.67) that 


a(gya(¢) + b(gyb(¢) = w(t, F)W(g,g) = 1 (12.70) 


Using Eq. (12.68), we can write this as 
2 2 
latey|~ + heey |" = 1 (12.71) 


This is the analogue of the unitarity relation in Eq. (5.12) 
for the present case. 


Our discussion, in Chapter 5, on the analytic behavior 
of the coefficient functions, can now be generalized to the 
present case. In particular, it can be shown that a(¢) is 
analytic in the upper half of the complex ¢-plane where Im¢ 
> 0 and that the discrete eigenvalues of Eq. (12.48) are 
obtained from 


a(¢cn) = 0 Im = > 0 


where y : (12.72) 


£(x,¢,) = b,9(%/Sy) n= 1,2,...N 
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Let us note here, for future use, that the relations in 
Eq. (12.66) can be written in the matrix form as 


fF fy “9, 91 sale) “Sige 
( ) = ( re ) ( . ) (12.73) 
Let us define 
eT =9y gy 
F = (y ) and G = ( ea) (12.74) 
2 f2 “92 92 
such that 
en 0 -i¢o,x 
Lim F(x,¢) = Lim G(x,¢) > ( Jomven ~ 7 (22075) 
x>00 x>-00 0 eit* 
Furthermore, let us define 
a(¢) b(¢) 
Tse = ( ) (12.76) 


* * 
~bn(S)- cata) 


It can be readily checked, using Eq. (12.71), that the 
determinant of this matrix is unity so that the inverse 
exists and has the form 


* 
a(¢)  -b(¢) 


a 
ple) = 
se a(¢) 


) (12.77) 
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In terms of these matrices, Eq. (12.73) can be written as 


F(x/¢) = G(x,¢)T 1(¢) (12.78) 
Conversely, 
G(X,¢) = F(X,¢)T(¢) (12.79) 


Written out explicitly, this gives 


9(x,¢) = -a(c)F(x,¢) + b”(C)£(x,E) 

(12.80) 
w * 
G(X/C) = a (C)£(x,¢) + D(C) E(x,¢) 


Let us note here that both F(x,¢) and G(x,¢) can be thought 
of as matrix solutions of Eq. (12.48) since each column 
vector is a solution and T(¢) is known as the transition 


matrix. 
We are now in a position to calculate the time evolution 
of the scattering data. Let -us note from Eq. (12.67) and 


the asymptotic evolution of the Jost functions in Eq. 
(12.65) that 


0a tc) A 3 
Oa(e,t) 2 Lim Bt (£,95-£59)) 


= Lim - 2 (f,9,) = 0 (12.81) 
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and 


Ce ca > 
ae Rim Ge (See 
— 1 ~ 
” sag oe (£29) 
= Lim 4i¢7f,.g, = 4i¢*b(¢,t) == (12.82) 
x70 


Since bi (t) is the analytic continuation of b(¢,t) to 
a= 5.7 we conclude that 


Ob, (t) il 
— ete = 416,P,(*) (12.83) 


Furthermore, we recall from Eq. (5.32) that b, is directly 
related to the normalization of the bound state wave 
functions and consequently, Eqs. (12.81)-(12.83) completely 
determine the time evolution of the scattering data, namely, 


a(¢,t) = a(¢,0) 
siete 
b(¢,t) = k(¢,0)e (12.84) 
siete 


by(t) = b (Oye 


Given this, one can use the Gel’ fand-Levitan-Marchenko 
equation to determine the time evolution of 4#(x,t) and 
y*(x,t). The only difference from the methods of Chapter 4 
and 5 here is that the integral equation in the present case 
would involve matrices. 
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CHAPTER 13 


THE ZERO CURVATURE METHOD 


In the last chapter, we discussed the generalized 
Zakharov-Shabat or the AKNS system of equations. We studied 
the time development of the scattering data specifically for 
the nonlinear Schrodinger equation when the interaction 
parameter, K, is negative. Following our discussion in the 
KdV case (see the appendix), we can calculate explicitly the 
Poisson brackets between a(¢) and b(¢) and consequently 
identify the action-angle variables to prove the 
integrability of the system. However, the Poisson brackets 
can be calculated in a more elegant way, using the zero 
curvature condition. In this chapter, we will develop the 
method of zero curvature in detail since it generalizes 
readily to the corresponding quantum systems. Let us note 
here that although our discussion would be primarily within 
the context of the nonlinear Schrodinger equation, the 
method is quite general and applies to any system that can 
be described by the Zakharov-Shabat formulation. 


The Zero Curvature Condition: 


We have already discussed, in some detail, the zero 
curvature condition in Chapter 7 (see Eq. (7.49)). Let us 
observe here that the Lax equation and the zero curvature 
condition are synonymous in the first order formulation. 
For example, let us note that the Lax equation 


a2 = [B,L] (13152) 
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can also be written as 
[2 - B,L] = 0 Gi3a-2) 


Recalling the form of L from Eq. (12.20) for the AKNS 
system, this equation becomes 


[Be - Bix,g) » 8 - acx,g)] = 0 


or, SAGUS) _ BBO _ [B¢x,¢),A(x,¢)] = 0 (13.3) 


Let us note that this is the zero curvature condition of Eq. 
(7.49), namely, 


eee Onn - 9A, + (AA, ) = 9 ppv = 0,1 (13.4) 


if we identify 


(13.5) 


The consequences of zero curvature are far reaching. 
For example, let us define the path ordered exponential 
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(X5rt5) 


U,(x2rt#%, ty) = dg (13.6) 


where P_ stands for ordering of the points along the path of 
—_—- Yy, such that points closer to (X5,t2) stand to 
the left of those closer to (X,,t,)- If we now take the 
product of two such exponentials, namely, 


Uy Gartaimyety) U,, retyitgrtp) 


then it is straightforward to see using the Baker-Cambell- 
Hausdorf formula and the Stoke’s theorem that 


be 
Oe eae ayes) Uy, (1 1t1 F%2et 2) =e ( L3cuze) 


where the integration on the right is over the area c 
enclosed by the closed path Wt: It is clear, therefore, 
that if the curvature vanishes, namely if Eq. (13.4) is 
satisfied, then 


Uy (20tai%1 +t) Uy, (1 1t1 7X20) =I (13.8) 
Noting from Eq. (13.6) that 


Uy (Xyrt git) = U(x, tp /t9) (13.9) 
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Eq. (13.8) then leads to 


gery) = eT) (1310) 


In other words, if the zero curvature condition is satis- 
fied, then the path ordered exponential is independent of 
the path and depends only on the end points. Consequently, 
it follows that for a closed path 


U(x,t;x,t) = I (13.21) 


In what follows, we will suppress the path ordering symbol 
for convenience. 


The Transition Matrix: 


An object of fundamental importance in the study of 
integrable systems is given by 


x 
- f d2A,(z) 
T(x,yi¢) = U(x,tiy,t) =e * 
KE 
f azA(z,¢) 
or, T(x,yi¢) = e% (13a 


In writing the last line, we have used the identification 
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Givenein Eq. (13.5). To understand the role of T(x,y;¢), 


let us analyze the linear eigenvalue problem in Eq. (12.13) 
(also known as the auxiliary linear problem), namely, 


BEC) = a(x, 6) 6(X) (13.13) 


As can be directly checked, the formal solution of Eq. 
(13.13) is given by 


P(X) = T(x,yiE) P(y) (13.14) 


That is, T(x,y;¢) translates the solutions of the auxiliary 
problem along the x-axis for a fixed time. We see from the 


definition in Eq. (13.12) as well as from Eqs. (13.9) and 
(ie, tyethat 


T(X,Y;¢)T(Y,Z7¢) = T(X,2;¢) 
T(x,¥S) = Ty/x¢) (13.15) 


T(x,X;¢) = I 


Furthermore, we note from Eq. (13.12) that T(x,y;¢) also 
satisfies the auxiliary problem, namely, 


= ax Sh = A(X, O)T(X,Y7E) a (13.16) 


It, then, follows from Eq. (13.15) that 


a = -T(x,y;C)A(y,¢) (13.17) 
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Let us recall that A(x,¢) is a matrix. For example, for 
the nonlinear Schrodinger equatton’with .c.¢ 0, its formmgaiis 
(see Eq. (12.48)) 


A(X,¢) = ivTKT (pto,+yo_) - igo, Jas} 


Consequently, T(x,y;¢) is in general a matrix and from Eqs. 
(13.16) and (13.17) we see that it is a matrix solution of 
the auxiliary problem. Let us note that the unperturbed 
solution of Eqs. (13.16) and (13.17) (namely, with (x) = 
y*(x) = 0) is given by 


-igo,(x-y) 
T,(%/YiC) = T,(X-Yig) =e (13.19) 


On the other hand, since (x) and w*(x) vanish asymptot- 
ically, we also see from the definitions in Eqs. (13.12) and 
(13.18) that 


-i¢go, (x-y) 
Lim Mxr;yi¢) =e 
x,yro 


and = (13.20) 


-i¢o, (x-y) 
Lim T(x,y7;¢) =e 
XK, yr=O 


Let us next define the matrix functions 
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F(x,¢) = Lim T(x,yi¢)T (¥i¢) 
yro 


and (13.21) 


G(x,¢) = Lim T(x,y;¢)T,(y#¢) 
y?-o 


It is straightforward to see that F(x,¢) and G(x,¢) satisfy 
Eq. (13.13) with the following asymptotic behavior. 


-i¢o 
>e (13.22) 


Lim F(x,¢) = Lim = 1T(x,y#¢)T,(yF¢) 
x70 x, yro 


and 


Lim G(x,¢) = Lim T(X,YIO)TS(Y#¢) 
xX>—00 x,y?-© 


We recognize, from Eq. (12.75), that these are precisely the 
asymptotic relations satisfied by the matrix Jost solutions 
of Eq. (13.13) already defined in Eq. (12.74). Consequently, 
we identify F(x,¢) and G(x,¢) as the appropriate matrix Jost 
solutions of the auxiliary problem. We recall from Eq. 
(12.79) that the transition matrix, T(¢), is defined by 


G(X,¢) = F(x,¢)T(¢) 


or, T(¢) = F7)(x,¢)G(x,¢) (13.24) 
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Substituting the forms of F(x,¢) and G(x,¢) from Eq. (13721) 
and using the properties of T(x,y;¢) given in Eq. (13.15), 
we obtain 


T(C) = Lim T) (vse)? (x,¥sE) P(X, 2IE)T, (ZI) 
y?o 


Z>—0 


—" 
= a Ty (vig) Ty, FO) T(,27¢)T (27¢) 


Z>-0 


. igo.y -i¢o.,z 
or, T(¢) = Lime . T(y,z;¢)e 2 (13.25) 


This is also defined in Eq. (12.76) in terms of the 
scattering data as 


a(¢) b(¢) 


(13.26) 
-b"(¢) CS 


Tig) = ( 


We note here for completeness that most of the models we 
have discussed have been defined on the real line. This is 
because the periodic problems require special care. The 
formulation of this chapter, however, readily extends to the 
periodic systems where the transition matrix becomes related 
to the monodromy matrix for the system of equations. 


Time Evolution of the Transition Matrix: 


ee ee 


We have seen earlier, in Eq. (12.49), that the solutions 
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of Eq. (13.13) satisfy the time evolution equation 


an = B(x,¢)@(x) + CP(x) (13.27) 
where C is a constant. We expect the matrix solutions of 
Bee (13.13) to satisfy a similar equation. Thus 


generalizing C to a matrix function of y we write 


= — = B(X,Q)T(X,yi¢) + T(XryFC)C(y) (13.28) 


Consistency of the relations in Eq. (13.15) determines the 
matrix function to be 


C(y) = -B(y,¢) (13.29) 


so that the equation for the time evolution of T(X,Y;¢) 
takes the form 


= ae = B(X,C)T(X,¥#¢) - T(X,Y#E)Bly,¢) (13.30) 


Let us recall from Eqs. (12.49)-(12.51) that asymptotically 


Lim B(x,¢) = 2i¢*o, (13.31) 
|x| +00 


so that we have the asymptotic relation 
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Bim ae BE MSP LogeBmrvIG)] (13.32) 
Ld 


(Compare this with Eq. (12.65).) The time evolution of the 
transition matrix is now easily obtained from Eqs. (13.25) 
and (13.31) to be 


SUD = 217 [05,7] (13.33) 


Using the representation in Eq. (13.26) for the transition 
matrix, we then obtain 


(13.34) 


which is the same as the earlier result of Eqs. (12.81) and 
(@22.82). 


The time evolution of the transition matrix, Eq. (13.33), 
is in the form of a Lax equation. Consequently, following 
our discussion in Eqs. (9.43)-(9.45), we see that all 
quantities of the form 


1 


n 
==> Th Stl +2), toilets 
Kn = Tr (T(¢)) pte, 


K, = logidetT(¢)| = Tr 2n T(¢) 


would be conserved. 
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Fundamental Poisson Bracket Relations: 


As we have seen in Chapter 11, to prove integrability, 
it is essential to calculate the Poisson bracket of the Lax 
operator with itself. Furthermore, in the present case, the 
transition matrix, which contains all the scattering data, 
satisfies a Lax equation. The calculation of the Poisson 
bracket of T(¢) with itself is, therefore, doubly important 
in the present case since it also would give the Poisson 
brackets between the scattering data which in turn would 
allow us to identify the action-angle variables. 
Consequently, this is what we discuss next. 


Let us recall from Eq. (13.18) that in the example under 
study 


A(x,¢) = ivTkT (p*o,+Yo_) - igo, (13.36) 


Consequently, using the relations in Eq. (12.45) and the 
tensor product notation introduced in Eqs. (11.41) and 
(11.42), we obtain 


{A(x,¢) MA(Y/C°)} = in(o, @o_ - o_ @o,)S(x-y) (13.37) 


Let us next define the operator 


3 
P= = & ke o; @o;) (13.38) 
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This is quite analogous to the tensor Casimir operator for 
the group SU(2) except for the presence of the identity 
term. Using the commutation relations of the Pauli 
matrices, it can be shown easily that 


[Pe o;@1 + 1@o;] = 0 
(13.39) 
oP, o;@o, + %,@o;] = 0 fort j flew 1,273 


This is interesting for we see that given any two arbitrary 
2X2 matrices C and D, which can be expressed linearly in 
terms of the identity and the Pauli matrices, Eqs. (13.39) 
imply that 

[(P , C@vp + p@c} = 0 


or, P(C@D+dDQQc) = (c@vd + v®c)pP (13.40) 


Since P is nontrivial, it follows that for Eq. (13.40) to 
hold, we must have 


P(C®D) = (D®c)p (13.41) 


In other words, P simply permutes the order of the tensor 
products and hence is also known as the permutation matrix. 
Its normalization is chosen so that 


pe =I (13.42) 
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From the definition of P in Eq. (13.38) and the 


relations in Eq. (13.40) and (13.41), it immediately follows 
that 


[P , o*(x)(o, M1 + 1@oe,)] = 0 
(13.43) 
[P , o(x)(o_ @1+1@e_)] = 0 


Furthermore, using the commutation relations of the Pauli 
matrices, we can easily calculate to show that 


[P , 0,@1}) = -(P , 1@¢5) 
= -2(0,@0_ - 0 @o,) (13.44) 
We see from these relations, Eqs. (13.43)-(13.44), that 
[P , A(x,¢)@I + I@Aa(x,¢°)] 


= 2i(¢-¢°) (0, Mo_ - o @o,) (13.45) 


Comparing with Eq. (13.37), we recognize now that we can 
write 


{A(X,¢) @ A(y,¢°)} 


= 6(x-y)[r(¢-¢°) ,A(x,¢) @ I + I@A(x,¢7)) (13.46) 


where 
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r(¢-¢"°) = Ten) P 0 (13.47) 


We see that Eq. (13.46) is the generalization of the 
relation in Eq. (11.54) to the present case and we note here 
that the r-matrix for our example depends on the spectral 
parameter. This is indeed a general feature of the first 
order formulation. We also recall from our discussion in 
Chapter 11, that a relation of the form in Eq. (13.46) plays 
a fundamental role in proving the integrability of the 


system and is, consequently, called the fundamental Poisson 
bracket relation. 


Let us note from Eq. (13.46) that 
TGS ) =sex(C =¢) (13.48) 


Using the above relation as well as Eq. (13.42), we can 
verify the antisymmetry of the fundamental Poisson bracket, 
which takes the form 


{A(%,5) MA(Ys+C7)} = -PLACY/°) @ A(x, E) PP (13.49) 


The fundamental Poisson bracket must also satisfy the Jacobi 
identity which for the tensor products takes the form 


{A(%,¢) @ {A(y,6°) @ A(z,6°*) 
+ Py Py 3{A(Z.6°”) @ {A(%/o) MW A(yS") F}P 1 3P 23 


+ Py oP, gfAlvro’) @ {A(2r5°") MACKS) HIP y gPyp = 0 (13-50) 
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Let us note that each term in the Jacobi identity neces- 
sarily involves a triple tensor product space and P; 


j 
simply permutes the ith and the jth embedded components in 
this tensor product space. We can substitute Eq. (13.46) 


into Eq. (13.50) and with an obvious generalization of the 
notation, we obtain the consistency condition to be 


[01 5($-$7) T1319) jot: [r,5(¢-¢") 10o3(¢°)] 


+ [ryglO)et gg (So) )e* 0 nla 


This relation is also known as the classical Yang-Baxter 
equation. 


Action-Angle Variables: 


Let us next note from the definition of T(x,y;¢) in Eq. 
(13.12) that we can use Eq. (13.46) to show that 


Lim {T(wte,w-e;¢) ® T(wte,w-E;¢")} 
€>0 


= ie ir (cea « T(wte,w-E;¢) @ T(wte,w-e7¢°)] (13.52) 
e 


Consequently, 


{T(X,¥3¢) @ (27 ¥IS ys 


=Lim MII T(x,wte; T(x,wte;c” 
Lig edbex' ( ¢) @ T(x, wte;¢*)) 


{T(wte,w-E;¢) ® T(wte,W-E;¢")} 


(T(w-e,y;¢) ® T(w-e,yi¢")) 
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and upon using Eq. (13.52), it follows that 


{T(X,Y¢) ® T(x,yig")} 


= (r(¢-¢°) -» T(x,Yi¢) @ T(x,YiC")] (13.53) 


Let us note here that although the matrix r defined in Eq. 
(13.47) is singular as ¢ > ¢”, the expressions on the right 
hand side of Eqs. (13.46), (13.52) and (13.53) are well 
behaved since the commutators vanish in that limit as can be 
seen from the properties of the permutation matrix in Eq. 
(13.41). Furthermore, for definiteness, let us choose the 
singularity behavior of the r-matrix to be principal value. 
This will be quite useful as we will see later. 


Before calculating the Poisson bracket between two 
transition matrices, let us evaluate some expressions 
involving the r-matrix which would prove useful. Let us 
note from the permutation properties of the r-matrix that 


pi ae sp ¢ i¢togx ., -i¢go,x -i¢’o.x 
(a Qe” Yonge (2 Gee *) 
-1(¢-¢7° )o3x i(¢-¢")o3x 


= r(¢-¢")(e We : 


Using the explicit form of r(¢-¢°) from Eqs. (13.38) and 
(13.47), the above expression simplifies to 


~2i(¢-¢" )x 

K al i 
2 (aeen (2 Oes) * “Gee 72 
e2i(¢-¢")x 


+ 76%) 


o,@o_]} (13.54) 
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If we now use the formula 


we obtain 


and 


ry(¢-¢") 


Eatc-< 


x 
= +im&(d) 


ak 
Lim (e 
x00 


-i¢o 
r(¢-¢")(e 3@e 


4x @ mani 


) 


-i¢’o,x 


) 


ae 
aco) FF 7, @0,) 


(13.55) 


ia aT 5(¢-¢°) (0, Mo_ - o @Mo,) (13.56) 


x i¢g’o x 


igo 
Lim (e 3 €)) e 
xX>-—0 


-i 
TCs} e 


x 
CF @e 


) 


-i¢’o,x 


) 


4 
WCE ot o,@o;3) 


ink 


— 37 S(e-8" (a, 


@o_- 0 @o,) 


(13.57) 
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We are now in a position to calculate the Poisson 
bracket between the transition matrices. In fact, from the 
definition of T(¢) in Eq. (13.25) and using Eq. (13.53) we 
obtain 


iogex Lego. X 
(T(¢) @ 1(¢°)} = tim (2 * @e” *) 
x 


y?-@ 


(r(¢-¢") » T(x,y:¢) @ T(x,¥7¢7)] 


(e ®e ) 
or, {T(¢) MM} = TY(E-E7 (TIS) @ M167) 


-igv3y -i¢’o.y 


~ (T(¢) & T(¢°))r_(¢-¢"°) (13.58) 


where r, and r_ are defined in Eqs. (13.56) and (13.57) 


respectively. Explicitly, expression (13.58) takes the form 


IT(S) MMO} = geetery (9379) Oo, TC) 


ims 


- T(g)o, @ Tig" )o5) + == S(¢-¢°) 

(6,7(¢) M@o_TM¢) + TIS)e, @ Tig )o_ 

- 0 T(¢) Ma, T(¢") - Tighe _@tl¢")o,) (13-59) 
Equation (13.59) contains all the Poisson brackets between 


the scattering data. In fact, by taking the relevant matrix 


elements, we obtain 


296 


{a(¢) 
{b(¢) 


{b(¢) 


{a(¢) 


{a(¢) 


It can be shown using Eq. 


, 


s 


4 


’ 


a 
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a(¢”)} = 0 


b(¢")} = 0 


= {a(¢) , a (¢°)} 


b"(¢°)} = -imk a(cya’ (¢)8(¢-¢") (13.60) 


Big?) ss (CaS) a(¢)b(¢") 


* oe 
b (¢ ae 


Q(¢) = arg b(¢) 


Pic) = 2 loglag)| 


then 


{Q(¢) » Q(¢°)} = 0 


* e 
z ea a(¢g)b (¢°) 


(13.60) that if we define 


(13.61) 


= {PAS yee) } 
(13.62) 


{Q(¢) + PIC} nsS(cae®) 


We can analytically 


continue the Poisson bracket 


relations in Eq. (13.60) to the upper half of the complex ¢- 
plane and deduce for the discrete spectrum that the 


variables 


qn = 


P, * 


Ke) 
= | 
W 


2 log Ib. 


2 


x Re a 


-2 arg b, 


2 


K 


Im ¢) 


(13.63) 


ACTION-ANGLE VARIABLES — 297 


satisfy (see for example the book by Faddeev and Takhtajan) 
ftpsesom Soe. = (auee P.) 


ee ¢ Gel ibs + Bal = 19, + Geko" (2, weP,) = 9 


Together the variables Q(¢), P(¢), Gn’ Pye due Be defined in 
Eqs. (13.61) and (13.63) constitute the action angle 
variables of the system. 


Let us recall from Eq. (5.54) that the analytic 
expression 


00 oe 
log a(¢) = 4; Jas’ dacpiieioll 


N = 
+ ZL : (13.65) 
net og(e=es) 


has the asymptotic expression given by 


o C 
log a(¢) —> = (13.66) 
n=l ¢ 


where 
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— sal 
Cantal alGag log |a(¢)| 


m=1 

a. n-1 
or i SS BG 

ges) ip)? + ip )™) (13.67 
+= (&)" ) (tiger 1D = (Paes) 6 daamene 


m=1 


Let us note here that the asymptotic expansion of log a(¢) 
involves terms depending only on the action variables and 
consequently, each term in the expansion is in involution 
with the others. 


From our discussion in Chapter 5 (see Eqs. 
(5.56)-(5.59)), we recall that we can obtain the asymptotic 
expansion of leg a(¢) alternately in the following way. In 
terms of the Jost function in Eq. (12.63), let us define 


1 S£,(x,¢) : 
€(%,¢) = 27o) ae oo 1¢ (13.68) 


where f£.(x,¢) is the second component of the Jost function 
£(x,¢). As in Chapter 5, we can show using the properties 
of the Jost functions that (see Eq. (5.59)) 


its} 
log a(¢) = - J dx &€(x,¢) (13.69) 
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Furthermore, we see from Eq. (12.48) that £2 (%,¢) satisfies 
the second order equation given by 


2 
ax Sex ~ ) 2 (*9) 


: (o) 
- ivTK] = £,(x,¢) = 0 (13.70) 
It follows, therefore, that €(x,¢) satisfies the relation 
Y Bx (5) + 2ice + €7 - Kyry = 0 (13.71) 


If we now assume the asymptotic expansion 


come lee) 


3 (13.72) 
n=1 (2i¢) 


&(X, Sea 
gon 


then Eq. (13.71) implies a recursion relation between the 
coefficient functions of the form 


8 Sn ) = 0 = 175253 3.73 
ent1 if y dx is + cL Sook = n v ’ eee ( e ) 


with 


at 
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From Eq. (13.69) we see that log a(¢) has the asymptotic 
expansion, in terms of these coefficient function, given by 


o 1 it +] 


leg a(¢) ——= as 
n=1 (22g) -= 


dx € (x) (13.74) 


Comparing Eqs. (13.66) and (13.74), we obtain 


oo 
Lo oe ~(2i)" C, (13.75) 


We recall from Eq. (13.35) that log a(¢) is conserved and, 
consequently, each term in its asymptotic expansion is also 
conserved. We see from Eqs. (13.66) and (13.74) that there 
is an infinite number of conserved quantities and they are 
in involution since the c/s are in involution as we have 
noted earlier. Consequently, the system under study, 
namely, the nonlinear Schrodinger equation with « < 0 is 
integrable. We also note here that Eq. (13.75) provides a 
map of the conserved quantities expressed in terms of the 
dynamical variables y, y* to those expressed in terms of the 
action variables. 


Let us next calculate the first few conserved quantities 
meray Jaetg (ile qu /eyye 


0 00 
H, = I ax €.(x) =« f dx pry (13.76) 
= —0 


0 00 
Hy = J ax &(x) = ~ fax (y* ov _ BY* y) (13.77) 
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co 
H, = -K 2 ax (Se 2 + kK (yr) ?) (13.78) 


We recognize Hy to be the number number of particles up to a 
multiplicative constant k. Similarly H, represents the 
momentum and H, the energy of the nonlinear Schrodinger 
equation (up to a constant) given in Eq. (12.44). In hace, 
let us note that 


H=-in, = i ¢, - (13.79) 


Using Eq. (13.67), we see that in terms of the action 
variables, the Hamiltonian becomes 


00 f N Pe me 
anny ds e2P(c) + 2K? ail, (i Be - p-p,) (13.80) 


We can now evaluate the time evolution of various 
quantities. 


Q(¢) = {0(¢) , H} = 4¢7% 


2 fod 
ea (id, e NY ™ ~4K PoP, = -16 Re ¢, Img¢,, (13.81) 


= {G, » H} = 2x?(p2-p) = -8(Re Ch - Im gh) 


Q2 ° 
3 
I 


These relations can be equivalently written as 
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b(¢,t) = b(¢,0) etic’t 
(13.82) 
4igtt 
b(t) = b,(0) e 


We recognize these as the same relations we had obtained in 
Eq. (12.84). 
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CHAPTER 14 


QUANTUM INTEGRABILITY 


Our discussion of integrable systems has so far been at 
the classical level. In a quantum theory, of course, the 
dynamical variables must be quantized as operators and 
various quantum commutation relations must take the place of 
Poisson brackets. Furthermore, since the quantized 
variables do not commute, we must address the question of 
operator ordering and wherever necessary, the quantum 
expressions must be regularized. 


The traditional approach to quantum integrable systems 
is known as the Bethe ansatz method. Furthermore, as we 
have emphasized repeatedly, the inverse scattering method 
generalizes readily to quantum systems and can also be used 
to study quantum integrable systems. In this chapter, we 
will discuss the Bethe ansatz method as well as the quantum 
inverse scattering method and point out the relation between 
the two approaches. Finally, we will conclude with a brief 
discussion of the Yang-Baxter equation and quantum groups. 


The Bethe Ansatz: 


By integrability of a quantum system we understand that 
we can determine the spectrum of the Hamiltonian as well as 
its scattering matrix. Traditionally, the diagonalization 
of the Hamiltonian is achieved, in most one dimensional 
integrable systems, through the Bethe ansatz - named after 
Bethe who had first made this ansatz for the wave function 
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in his study of a lattice model of the magnets. 


Let us study the ansatz in some detail in the particular 
example of the nonlinear Schrodinger system. For 
simplicity, we will assume here a_ repulsive potential, 
namely, K > 0. (This eliminates the existence of bound 
states.) In the quantum theory the dynamical variables 
y(x,t) and p*(x,t) become the operators Y(x,t) and p(x, cs) 
respectively where ~ stands for Hermitian conjugation. From 
the correspondence between the Poisson brackets and the 
quantum commutators, we see that the quantization conditions 
for the operators ~ and pr can be obtained from Eq. (12.45) 
to be 


[y(x,t) , Picy,t)] = K8(x-y) 
(14.1) 


[vix.t) , Py,t)) = 0 = [plcx,t) , picy,t)] 


where K is the Planck’s constant. 


Let us note here that the quantum nonlinear Schrodinger 
equation is a relatively simple system to study since it can 
be regularized completely if we normal order quantum 
expressions using Eq. (14.1) so that all the ~ operators 
stand to the right of yi. For example, note from Eq. 
(12.44) that the normal ordered quantum Hamiltonian for the 
system takes the form 


Aa 00 a aA “a a aA 
= J dx[yly, tay yyy] (14.2) 


It follows, then, that the Heisenberg equations of motion 
are given by 
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Ve = ip (WH 


which upon using Eq. (14.1) becomes 
iV, = Wye + 2p yp (14.3) 
We recognize this (see Eq. (12.46)) to be the quantum 
nonlinear Schrodinger equation. 
Since wy and ye satisfy the canonical commutation 
relations even in the presence of interactions, we can build 


up the Hilbert space of the system in the following way. 
Let us define the vacuum state |0> which satisfies 


9(x,t) 10> = 0 | (14.4) 


Then we can think of yt as the creation operator and write 
the N-particle state with momenta k,/Ky-+ + Ky as (for the 
rest of this section, we are going to assume h=1 for 


simplicity) 
[k,---k> 


0 a a 
= J ae, «ag B OE, «aH + DTC) «PT 25) 109 (14.5) 


where 
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P(X, ++ -Xy7k)-- Ky) Fs CO ghiacay) + «seal iayt ep (14.6) 


is the N-particle wave function of the system. For a 
noninteracting system, the wave function would simply 
correspond to plane waves. However, since the nonlinear 
Schrodinger equation describes an interacting system, the 
wave function would have more structure and Bethe’s ansatz 
determines its form. 


Let us note from Eqs. (14.1), (14.2) and (14.4) that we 
can write 


H|k,.--k,> 
ee) = YP 8(x;-x3)) 
= eee — aan 2 (X,-X. ) 
VNT -o0 + “N i=1 axe i,j=1 + 4 
i<j 


P(e, 06 yk, Ky] PT (x,y. Ploy) Lop (14.235 


It is obvious, therefore, that [k,-++-kK> is an eigenstate 
of the total Hamiltonian if the wave function ¢ is an 
eigenfunction of the many-body Schrodinger equation with 6- 
function interactions. This is how the study of the quantum 
nonlinear Schrodinger equation becomes equivalent to the 
study of a Bose gas with point interactions. To understand 
the structure of the wave function in this case, let us 
analyze the two-particle wave function in some detail. The 
eigenvalue equation, we are interested in, is given by 
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2 
3 8 
(- = = = + 245 (X1-X5)) P(X /X_7k, +k) 
iE 2 


= AP(X, /XQ7K,,K) (14.8) 


We recall that a 6-function potential in the Schrodinger 
equation leads to a discontinuity in the first derivative of 
the wave function at the interaction points. Taking care of 
this appropriately, we can check easily that the solution of 
Eq. (14.8) takes the form 


i(k kx 


saat gs 


2*2) 23 
$(X) -X2+k,,k2) = © (20 Kk; €(X_-X; )) 


aa x,+k,x . 
- ani ina’ (1 - - ee €(X,-X,)) (14.9) 


“ 


where e€(x) is the alternating step function defined in Eq. 
(1.59). The eigenvalue \ in this case can be shown to equal 


= k* 2 ae 4.10 
x ky + k5 (el ) 


We see that in the region of space where xX, < Xg the wave 
function takes the simple form (neeall that. <e(es)ee= 
(O(x)-1/2)) 


k -k,-ik i(k, x4 +k, x5) . 
P(X, X_ik, kK.) = k5-k e 


al 
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k,-k,-ik i(k,x,+k,x,) 
+ pape OO 
ez 


i(k, x, +k, Xo) k, -k, -ik 
es ) we 1 2 2 
P 


where Pi and Po represent the two permutations of the 
numbers 1 and 2 and the summation is over the two 
permutations. 


Bethe ansatz consists of generalizing the structure of 
this wave function to a N-particle wave function. In the 


region xX) < Xo cee ¢ xy the Bethe ansatz for the wave 
function takes the form 


P(X r+ Kye 7 Ky +--+ Ky) 


i(k, x,+...+k ) Sig) 
Baal Py N " 
=Je Tl —=—++— (14.11) 


p i>3 *p, Kp 


where PrreeeePy denote the permutations of the numbers 
1,2,...N and the summation is over all such permutations. 
This wave function can be readily extended to the entire 
coordinate space and can be shown to be the eigenfunction of 
the N-body Schrodinger Hamiltonian on the right hand side 
of Eq. (14.7) with the eigenvalue ai xe - Thus we see that 


1=1 
with these wave functions, the N-particle state defined in 


Eq. (14.5) satisfies 
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x” 3a N 
me 2 
HIk,,k,..-k,> = (2 i) Ney eka ++ -ky> (14.12) 


In other words, these many particle states are the exact 
eigenstates of the full Hamiltonian. 


Quantum Inverse Scattering: 


As we have emphasized repeatedly, the method of inverse 
scattering carries over readily to the quantum system. In 
particular, most of the ideas developed in the last chapter 
as well as the relations obtained there generalize to the 
quantum system once we take care of the operator nature of 
the dynamical variables. The operator character also 
introduces new structures into the theory and in this 
section we will discuss these ideas in some detail. 


The auxiliary linear problem of Eq. (13.13) takes a 
normal ordered form in the quantum case, namely, (recall 
that Eq. (13.13) holds for kK < 0) 


BEC) = :A(x,¢)$(x): 


~iga,9(x) + ivTRTYT (x) 0, 6(x) 


+ iVTETo_$(x) (2X) (14.13) 


where the solutions are functionals of the dynamical 


variables and, consequently, are defined to be normal 
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ordered, that is, 
(x) = 26(X): (14.14) 


Let us note here that even though the Lax operator is a 
quantized operator in the quantum theory, the relation of 
Eq. (13.45) still holds since P is a c-number matrix 
operator. In other words, 


[r(¢-¢7) ,A(x,¢) @I + I@A(x,¢")] 


= K a a - 
= 37e-e7) [PACK C) MI + I@A(x,C7)] 


in(o, Mo_ - 0 @o,) (14.15) 


It follows, from this as well as from various properties of 
the r-matrix (see Eq. (13.41) in particular), that 


(I - itr(¢-¢*)) (A(x) @1 + T@A(x,¢°) + txo_ @o,) 
= (A(x,¢) ®I + I ® A(x,¢") + Kxo, ®o_)(I - ifr(¢-¢")) 
or, R(¢-¢") (A(x,¢) @ I + I@MA(x,¢°) + Keo_@o,) 


= (Acx,¢) @ I+ 1Q@ A(x,¢’) + Kixo, @ o_)R(¢-¢°) (14.16) 


where we have defined 


R(C-G) = 1.- ihn(cow (14 178 


ejalil 


Several comments are in order here. We have introduced the 
Planck’s constant to emphasize the quantum nature of the 
relations. Let us note that R is till a c-number matrix 
even though it depends on the quantum parameter. Further- 
more, Eq. (14.16) is the quantum analogue of the classical 
relation in Eq. (13.46) and plays an important role in the 
study of quantum integrability. We also note here that Eq. 
(14.16) reduces to Eq. (13.46) in the classical limit 
according to the correspondence principle 


St a 4 (14.18) 


Let us next study the properties of the quantum T(x,y;¢) 
matrix. By definition, 


x 


J dz A(z,¢) 
T(X,¥iC) = :T(x,yig): = :e ¥ : (14.19) 
It is obvious that 
T(X,XF¢) =I (14.20) 


However, because the dynamical variables no longer commute, 
the semigroup property in Eq. (13.15) now becomes 


T(x, yieyT(y zig) = T(x,27¢) for x>y>z (14.21) 


The differential equations satisfied by T now take the form 
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BRR yi Oo = 2A(X,C)T(X/Y#E) ? 


= -igo,T(x,yig) + ivTAT oT (x), T(x,¥7) 


+ AVTRT 0 _T(x,¥iC)P(x) (14.22) 


and 


BUS) = -2T(x,YIC)A(Y/O) | 
a icl(x,yi¢)0, - ivTK] Py) Tix yICe, 


- ivTx] T(X,YFE)P(YIO_ (14.23) 


Note that the differential equations (14.22) and (14.23) can 
be written in the equivalent integral forms as 


a x Aa a 
T(X,¥7;¢) © I+ f dz:A(z,¢)T(Z,yi¢): (14.24) 
Y 


At: x a a 
T(X,¥7;¢) = I+ f dzsT(x,2;¢)A(Z,¢): (14.25) 
y 


Using the form of A as well as the commutation relations of 
Eq. (14.1) we see that we can write 
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(vx), Tx,yre)] = VTL g ax, y:¢) 


[vl (x) ,T(x,¥2¢)] = - ing o_T(X,¥#6) 
(14.26) 

[Wiy) T(x,¥E)] = ll T(X,Y:C)0, 

tot iy) tix,yrey) = - SBVIEL a(x, yrqyo_ 

where we have used 

x 1 x 
J dz 6(x-z) = aus f dz 8(y-z) ; (14.27) 
y y 


Let us next define the following two products of the T 
operators. Let 


T,(*,/Y79) = T(x,yi¢) QI 
(14.28) 


T(*,YI¢") = 1@ 1(x,yi¢") 


Namely, T, and T, represent particular embeddings of the T 
operator into the tensor product space. It is clear that 
classically 


(T(x,¥#9) ®1)(1®@ T(x,¥i¢")) 


Ps (R/YIGIT, (RIVIS”) 


T(x, Y#¢) ® T(x,Yi¢") 
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and 


T(X,YsO")T,(KYIE) = (1@ T(x,vi¢7)) (T(x, ¥7¢) ® 1) 


T(x,yi¢) @ T(x, yi") 


so that, classically, 


Ts (VISIT (HAVES) = To(MPVIS)T(KVIE) (14-29) 


In the quantum theory, however, operators do not commute in 
general and hence the equality in Eq. (14.29) does not hold. 
Finding a relation between the two products in Eq. (14.29), 
therefore, would determine the quantum noncommutativity and 
hence would lead to the commutators between the scattering 
data operators. This is what we do next. 


Let us note from Eq. (14.22) that 


8 (Bei) 7, (YF6")) 


SA (XC) T, (X/Y5S) 27, (XIE) + Ts (X/YFO) FAK, O7) TBS (KIS) § 


(-i¢(o, @ 1) - ig@(1@o4))7, (x,¥#9)T, ("YI") 


+ ivTeT (0,@1 + 1@o,) ol (xT, (x,yig)T, (xYIE") - 
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- ivixT (1@¢,) [ol (xy 8, rvEg) ] Po (xrYIS") 
+ ivTRT (0_@ I + 1@Qo_)T, (x:yig)T, (HLYIS W(X) 


+ ivTRT (o_ ® 1)T, (x, 70) [P(x), 7 (x,y7¢7)] (14.30) 


If we now introduce the operators 


Ls (06°) = A(x,¢) @1I + I@A(x,¢") + teo_ Qo, 
(14.31) 
A(x,¢) @ I + 1@ A(x,¢") + KKo, @ o_ 


Lo (XrOrS") 


and use the commutation relations in Eq. (14.26), then Eq. 
(14.30) simplifies to 


- (4, (xr¥ FE), (7S) 


= by (Xr SeO7)E (MYIOITQ(RAVIE™)? «= (14.32) 


In deriving this result, we have used the fact that in our 
analysis « is negative. We can, similarly, show that 


a “a 


Be (Ta (*/V#S")T, (XFS) 


= Ly (Kr CrS7)P(K/VIC TY (K/YIS)? (14.33) 


We recall from the defining relation in Eq. (14.17) that 
R is a constant matrix. Furthermore, from Eq. (14.16) we 
see that 
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RCE) Ey (Hr S1 7) = Ly (See RIC-S*) (14.34) 
Using these we can derive from Eqs. (14.32) and (14.33) that 
RCE) Ty (XVI) T (H/VIS) 
= TH(x,YIE7)T(XYIOIR(C-S") (1435) 


This relation gives the quantum noncommutativity of the T 
operators. It is a relation of fundamental importance in 
the study of quantum integrability and is the quantum 
analogue of Eq. (13.53). Indeed, in the classical limit, 
Eq. (14.35) reduces to Eq. (13.53) as can be checked 
directly. 


To calculate the quantum commutation relation between 
the transition matrices, let us note from Eqs. (14.32) and 


(14.33) that the asymptotic behaviors of the product 
functions are given by 


= £105 

, 4 1 
Lim 1, (X,/¥i¢)T3(x,Yi¢") >e 
y?-@ 

- : ; ey 
Lim Ty (X+YFO)TS (XVI ) »>e 
X00 

(14.36) 
: : L6°) x 

Lim T)(x,/Yi¢")T,(x,¥i¢) ——> e 7 
y?-o 

oe oe oY 
Lim To (X,Yi< )Ty(XYi¢) >e€ 
x00 
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where 


~ (0) : a3 2 
L = Lim Ne (Ostet) 
1 fal y%OrS 
(14.37) 


7 (0) * . - 
L =Lim L,(%,¢,¢") 
2 Is | g(*%rdre 


These asymptotic behaviors are clearly different from the 


classical case and consequently, the limiting process to 
obtain the products of the transition matrices must be taken 


carefully. A careful analysis leads to the result 


R(¢-¢°)(I + eta o_@o,) 


a a - iK« 
Dat teat — Tee ua o_@o,) 


if 
 - geee wie) 7+ ©?) 


T2(¢°)T (S) (I + Te ay 7, @o_)R(¢-¢°) (14.38) 


This is the quantum analogue of Eq. (13.59). 
define the quantities 


If we now 


ad ul if 
Ru(g-¢") = (1+ Angsty o,@7_) 


: ifix 
R(¢-¢7) (1 + Heese) °- Bs) (14.39) 


then relation (14.38) can be written in the simple form 
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ice TST Ac") = T, (6°) T 1 (SIR_ (E67) (14.40) 


If we further recall the form of the transition matrix, 
namely, 


, a(¢) b(¢) 
mo = al, paced (14.41) 
-btiey ali 


then the quantum commutation relations can be read out from 
Eq. (14.40) by taking appropriate matrix elements. They 
take the form 


[a(e),a(¢)] = 0 = [a(e),al(e*)] 
[b(¢) ,b(¢7)] = 0 
[a(¢)-b(¢")] = raga b(¢")a(c) (14.42) 


[a(gy bl (e"y] = - ge acerblig’) 


[b¢e) bl (e-)] = mtind(c-ea(eyal(e) 
“ 122 ind 
4 


1 He")\, ot 
Coeveesiy - SS ecooblie) 


Note that in the limit of Kh + 0, the relations in Eq. 
(14.42) reduce to the classical relations of Eq. (13.60). 
Furthermore, it is obvious that 
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[log a(¢) 1, log a(c’)] = 0 (14.43) 


so that as in the classical case, log a(c) generates 
commuting quantities. The Hamiltonian can be shown to be 
contained in log a(c) so that these commuting quantities are 
conserved also. 


Let us next define the operators 


$1) = (milelalieyace))—2/? Bre) 


(14.44) 
l(c) = BiG) (mil alal(eya(ey) 72/7? 


Then using the commutation relations in Eq. (14.42) we can 
show that 


[dcoy o1¢7)] = 0 = [8h (ey, el io)] 
(14.45) 
[tre dlie7)] = 8(6-¢") 
as well as 


a Aa if a m4 
[10g acy ,dtcg-)] = tog (1 + getBaa) elie) (14.48) 


Thus we can think of gt and ¢ as raising and lowering 
operators and construct the Fock space as 


Ge). . cee $1 (k, ol (k5) ae. $1 (ky) 10> (14.47) 
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where we assume the vacuum to satisfy 
a(¢)|0> = 0 (14.48) 


so that all the conserved quantum numbers of the vacuum 
would be vanishing. In terms of these new operators, the 
Hamiltonian of the system can be shown to take the form 


00 2 a a 
H=f dk k? $!(ky$(k) (14.49) 
—0O 
so that 
N 2 
H|k,,K,...-k,.> = oe kj) [ky /Koe-++Ky> (14.50) 
1= 


Comparing this with Eq. (14.12), we recognize that these 
states are nothing other than the Bethe ansatz states up to 
a possible proportionality constant. This analysis brings 
out the connection between the Bethe ansatz and the quantum 
inverse scattering methods. 


Yang-Baxter Equation and Quantum Groups: 


In this section, we will introduce the Yang-Baxter 
equation and discuss very briefly the concept of quantum 
groups. Our discussion of quantum inverse scattering has 
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revealed a new structure, namely, the R matrix which is 
defined as 


R(¢-¢") = I - ifir(¢-¢”) (14.52) 


and which satisfies 


R(S-67) Ty (He YES) T (KFS) 


a To ("YES") Ty (K/YFOR(C-€") (14.52) 


As we recall Ti, T, and R are defined in the tensor product 
space v® Vv. «If we now generalize these operators into the 
triple tensor product space v@®v@v as 


a 


T, =T@IOr 


a 


tT, = 1®@®Tt@1 


us =1@1@T 


and define Rigs i,j = 1,2,3, as the embedding of R into this 
space so that it acts on the ij space, then the consistency 
of Eq. (14.52) would imply 


ReyeiGeGe) Raa (Gee” “WRagiGico*") 


a Ro3(O°-S° 7) Ry 3(S-S" Ry 2 (S-¢) (14.53) 
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This can be seen from the fact that the product T,T,T, can 


be permuted to T,T,T, in two distinct ways as 


Ry 9 ($-" Ry 3 (6-5 “)Ro3(¢°-¢° 7) 
D(X YF) TS (K/YIS7) Ts (KVIC”) 
Ss 1 (K/Y3O" “To (R/VIS”) Ty (HVYFE) 


Rio (S-C° Ry 3 (S-S° Rog(-S"*) «= (1454) 
and 
R53 (S°-¢° “Ry g(S-S Rapees ) 
T, (VFS) To (KPVFS’)T5 (KIS) 


= 15 (XiVIC7“) To (K/YFE)T, (KYIS) 


Ro3(¢°-$" Ry 3(¢-¢" “Ro (E-$") (14.55) 


Comparing these two relations, we can arrive at the 
consistency condition of Eq. (14.53). This relation is 
known as the Yang-Baxter equation after Yang and Baxter who 
had formulated this relation to study integrable models in 
statistical mechanics. This relation is quite rich in 
contents and, consequently, has come up in different areas 
of physics and is also known as the triangle equation or the 
factorizability condition for the S-matrix. We will not go 
into these details but let us simply note here that in the 
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semiclassical limit, Eq. (14.53) reduces to the classical 
Yang-Baxter equation of Eq. (13.51), namely, 


[Fya(o-e7) er 3(0)] + [ry9(g-97) 14 Q3(67)] 


ae (Ste(Sy] =o _ (14.56) 


where we have set, for simplicity, 


The solutions of the classical Yang-Baxter equation lead 
to a classification of the classical integrable models. 
Since Eq. (14.55) is written completely in terms of 
commutators, it has a Lie algebraic structure and, 
consequently, its solutions can be classified using Lie 
algebra. On the other hand, the full Yang-Baxter equation 
of Eq. (14.53) is not a commutator relation and hence cannot 
be directly related to a Lie algebra. But let us note that 
it is an associative algebra which can be related to the 


enveloping algebra of a Lie algebra. 


Given a solution of the classical Yang-Baxter equation, 
an interesting and open question is whether a quantum R- 
matrix exists, which would reduce to the given classical r- 
matrix. The study of this question has given rise to a very 
interesting mathematical structure which we describe 


briefly. 


The Lax operator, A(x,¢), acts, in principle, on two 
different spaces. First, there is the space of the 
auxiliary equation which we had chosen so far to be the two 
dimensional representation of SL(2). The second space is 
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related to the dynamical variables which themselves can 
belong to some Lie algebra. Since most continuous models 
can be put on a lattice and can be identified with some spin 
model, let us choose, for simplicity, the Lie algebra of the 
dynamical variables also to correspond to SL(2). Instead of 
choosing the fundamental representation, we can choose any 
higher representation of SL(2) for either of these spaces. 
Classically, it is known that the form of the r-matrix is 
insensitive to the representation. On the other hand, it 
was shown by Kulish and Reshetikhin that a solution of the 
full Yang-Baxter equation exists for a higher dimensional 
representation of SL(2) only if the generators of SL(2) 
satisfy the following commutation relations. 


[33 7°O,)] EO, 


(14.57) 
sinh(27J,) 


Pl a sinhyn 


Here 7 is a parameter of the theory and can in principle be 
related to Planck’s constant. We note here that for the two 
dimensional representation, namely, when 


the commutation relations of Eq. (14.57) reduce to the 
algebra of SL(2). Similarly, when 7 + 0, the commutation 
relations are precisely those of SL(2). Consequently, we 
can think of Eq. (14.56) as a deformation of the enveloping 
algebra of SL(2). In the sense that quantum mechanics is a 
deformation of classical mechanics, we can view Eq. (14.56) 
as defining a quantum Lie algebra. (We emphasize that Eq. 
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(14.56) does not define a Lie algebra. The terminology is 
simply borrowed from the study of quantum mechanics and is 
used only in the sense of describing deformations.) 


This is quite interesting for it implies that the 
existence of a solution of the Yang-Baxter equation requires 
a quantization of the Lie algebraic structures. The 
classification of the solutions of the full Yang-Baxter 
equation, therefore, requires a study of quantum algebras, 
quantum groups and their representations. The quantum 
algebras have also been identified with Hopf algebras and 
their study is a rapidly growing area of interest. 
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APPENDIX 
CALCULATION OF POISSON BRACKETS 
Let us recall from Eqs. (5.47) and (5.48) that 


LS = =- £(x,k)g(x,k) 


and a 
6b(k 1 
Susy = = T2ik £(x,k)g(x,-k) 


We also note that if uy and Us satisfy the Schrodinger 


equation with eigenvalues 4 and is respectively, namely, 


2 


ovu 

al 2 = 
2 + (q+ kj) u, = 0 

(A.2) 
2 

auu 

2 2 = 
52 e (Giks) u, = 0 

then we can write 
al re] a 

uyuy = - wee Sx [u,,U,] ee (A.3) 
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Consequently, given two sets of solutions of the Schrodinger 
equation, namely (u,/V,) and (UzrVo)0 we have 


8(u.Vv.,) 8(u,v,) 
22 lal 
O14 ex les uly joa) 


uyv,(u Vache) ald 


2x¥2t%2%2x (14544 4U1V 14) 


ava Max’ 4a ax 


-V,Vo(U, UZ] - UUZ[V, V2] 


Upon using Eq. (A.3) this simplifies to 


O(uovo) 8(u,v,) 


1 Ox 22 Ox 


1 2 
yamee (Sx [¥yr¥2]) [4,09] 
tome 


1 


——— 
74 pe? 
wrk 


2. [u,/U5])[¥,-V9) 


1 
“ae Sz ((a,-0,1f¥,.¥9)) (A.4) 


We are now ready to calculate various Poisson brackets. 
From the definition in Eq. (1.53), we see that 


{a(k) , b(2)} 
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Upon using Eqs. (A.1) and (A.4) this can be evaluated to 
give 


{a(k) , b(2)} 


Lis) 
ree Sox[ (f(x ky a(x,k)) FF (£(x,2)a(x,-2)) 


# o_ (£(x,k)g(x,k)) (£(x,2)g(x,-2))] 


1 
288k2(k7-27) 


0 
J de Fe (££ er) o£ (36,2) 1190/8) 92/2) }) 


"I : 
= [£(x,k),£(x,2 
288k2(k7-27) ( Xd 


oo 
(9(%/k) -g(x,-2)1) | (A-5) 


We can evaluate this explicitly using Eq. (5.8) and the 
asymptotic forms of the Jost functions. Thus, for example, 


Lim ——* 5 [£(x,k)  £(X/2) J 9(X/k) G(X, -L) ] 
x20 288k2(k“-2*) 


= Lim ——. > [acxyes *pi-kye*™, 
x70 288k2(k“-2“) 
ix ol 


a(-Z)e -b(2@)e 
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i(k+2)x 


= nim itk-@e —— [_iceeeyackya(-2ye7 EO* 
x20  288k2(k7-27) 

+ i(k-@)a(kyp(2ye7 2 (Ete) 

-i(k+2)x 


- i(k-2)ac(k)b(2@je 


+ i(k+2)b(-k)b(2)e7 (K-2)*} 


=m —itk-2) ___ [-i(k+2)a(kya(-2) e272 
x70 «=«288k2(k™-2") 


+ i(k-2)a(k)b(2) 


~i(k-2)a(-2)b(-kye22 (O)™ 


+ i(k+2)b(-k)b(2)e71*X] 


If we further use the relation, 


then the above expression becomes, for k, 2) 0, 
» : al 
Lim iw) (£(x,k),£(x,2) ][9(x,k),g(x,-2) ] 
x20 288k2(k*-2~) 


" SeKE( LID) a(k)b(2) k,2>0 (A.6) 


Similarly, we can show that for k,2 > 0 
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Lim 1 


= Se = fi(ecnig) yf 2 k - 
x>-0 288k2(k7-27) [£(x,k),f£(x,2) ][g(x,k),g(x,-2) ] 


= FeReCeaw 2CY(2) - GET, ackyb(k)S(k-2) (A.7) 

It then follows from Eqs. (A.6) and (A.7) that for k,2 > 0 
{a(k) , b(2)} = - yy uae a(k)b(2) 

re it. a(k)b(k)8(k-2) (A.8) 


Similarly, we can also show that for k,2 > 0 


{a(k) » b(-2)} = yg —* $2 ackyp(-2) 


- Tar 2(k)b(-k)5(k-2) (A.9) 
Let us next note that for k,2)> 0 


{log a(k) , log a ec ap, = {log a(k) , 2i arg b(2)} 


= 2i{logla(k)| , arg b(2)} 


- 2{arg a(k) , arg b(2)} (A.10) 


On the other hand, using Eqs. (A.8) and (A.9) we get 
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{log a(k) , log oa Eo} 


{log a(k) , log b(2)} - {log a(k) , log b(-2)} 


1 1 
= ack)b(e) {a(k),b(2)} - a(k)b(-2) {a(k),b(-2) } 


Zane 
af kT +2 in 
= - 5(k-2) 
Pe payee 
al Kaa 2 in 
- —— + 6(k-2) 
144 k2(k2 27) 144k 
b 
or, {log a(k) , log ea 
: Zee 
in al k* +2 
= = 6(k-2) - = —— (A.11) 
72k 72 \e(K2-22) 


Comparing with Eq. (A.10), we conclude that for k,2 > 0 


{log|a(k)| , arg b(2)} = THE 5(k-2) (A.12) 
2.92 
il k* +2 
{arg a(k) arg b(2)} = laa (A.13) 
‘ Chal Tegel Sok 


We can similarly calculate other Poisson brackets and 
show that for k,2 > 0 


{a(k) , a(@)} = 0 = {b(k) , b(2)} (A.14) 


{arg b(k) , arg b(2)} = 0 (A.15) 
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{logla(k)| , logla(2)|} = 0 (A.16) 


Thus we see that for k,2 > 0, if we choose the variables 


Q(k) = arg b(k) 


(Ac17) 
p(k) = - 244% tog Jack)| 
then they would satisfy 
{Q(k) , Q(2)} = 0 = {P(k) , P()} 
(A.18) 


{Q(k) , P(2)} = 6(k-) 


In other words, the variables defined in Eq. (A.17) 
constitute a canonical set. Incidentally, we can also 
calculate in a straightforward manner and show that for 
k,2@)> 0 


{log a(k) , log a(Z)} = 0 (A.19) 


It is clear from this that if log a(k) generates conserved 
quantities, then these conserved quantities would be in 
involution. 


We can determine the canonical set of variables from the 
discrete spectrum in the following way. Let us note from 
Eq. (7.29) (The derivation is straightforward from the 
Schrodinger equation.) that for the nth bound state we have 
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1 2 , 
=i cit (x, 1K, ) 
where (A.20) 
00 
2 ° -1 
c, = (J ax £ (x,ix,)) 


Recalling that 


= 2 
An = she 
we conclude that 
ons 1 a 
Sux) * 6 Cnt (*,iK,) (A.21) 


Similarly, recalling that bn is the analytic continuation of 
b(k) to k = ikne we see from Eq. (A.1) that 


u(x) ~ Tam, £(x,ik,)9(x,-iK,) (A.22) 


The Poisson brackets are now easy to calculate. For 
example, for n # m, we have 


{b,, ’ na} o 
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2 2 
00 5b 5K, 5b OK, 
ee dx(<—2. aa _ fae a) 
2 6 SOu(x) Ox Su(x) 8x du(x) du(x) 


CH 00 3 
Fin, S,o*[ (£0, ie,) 90, -i6,)) Be (£7 (2/48) 


= ‘ (£(x, in, )g(x,-in, ))£°(x, ix, )] 


Using Eq. (A.4) this can be written as 


{>, id na} 


Cn oo 3 
a ff ax = [£(x,ik ),-£(=x ik, )] 
144K, (K2-K2) el ( a‘ a: 


[g(X,-K,),£(x,ik,)]) 


iS 
m . F; 
* —— aun Cl £ (eek), f(x,in_)) 
144K, (K2-K2) ( 2 n 


00 
[9(,-in,)/G(xriK,)1)| (A283) 


Since the bound state wave functions vanish asymptotically, 
we conclude that for n #m 


{b, » ma} = 0  (A.24) 


On the other hand, 
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2 
{b,, . Ko} 
a 2 
i pPxitn & eee ee ee 
=> ee *(Sacx) 6x 5u(x) @x S5u(x) Su(x) 
Z 

= i jaaxpen Pa ] 

2 —00 du (x) 4 6u (x) 

c, 00 ” 
~ 144K, f ax[t (x, ik, ),£(x,i«,)g(x,-ix, )] 

Cc, oo ‘ 
” Taam, [Om f(x, ieee AT) 


From the relation in Eq. (5.9) we see that the above 
expression can be simplified to 


c_b 0 
2 nn 2 c 
{b,, 7 Ko} = a i dx £°(x,ik, ) 


n 


On the other hand, from the definition of ch in Eq. (A.20), 
we readily see that we can write 


b 
2 n 
{b, 4 Ka} mr 7a) (hea 
Thus we can write 
2 b 


{b, » «} = 55 ba (A.26) 
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It is easy to show that (we have already shown the second 
relation in Eq. (7.40).) 


= 2 2 
{b,, P b} =0 = {no Ko} (AR. 27) 
It is clear, therefore, that if we choose 


ae 
qd, = % log Ib, | 


(A.28) 
Po 144 ee 
then they would satisfy 
{q, ’ dnt = o>= {P, ’ Pa 
(A.29) 


In other words, this constitutes a canonical set also. 
Together (Q(K),4,/P(K) +P.) constitute the action angle 
variables of the system. It is a complete set since the 
scattering data forms a complete set. 
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